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A unified proof of regularity for 36 forms
Irving Kaplansky

In the reference at the end of the paper there
is a list of 913 positive definite ternary forms. All
but 22 are regular; the stubborn 22 are plausible
candidates. The list includes all regular forms.

Of the 913, 794 are alone in their genera and
therefore are regular by default. There remain 119.

For 97 = 119 - 22 there is a proof of regularity. Some
of these proofs are scattered in the literature. The
rest (due to Will Jagy and/or myself) are unpublished.
The task of writing a coherent account suitable for
publication has yet to be accomplished. In the
meantime, this paper presents a single method that
proves regularity for 36 forms.

Let £ and g be forms. K Suppose that we suspect
that f dominates g (meaning that f represents every number
that g represents). This question is at the heart of
proving regularity. The trouble is that there is no
known algorithm for checking domination; we seem to need
a different trick every time.

Of course if there is a homothety from £ to g then
domination is immediate. (A homothety is a linear
transformation that multiplies the form by a scalar.) But
something weaker will do. Suppose, for a third form h, we

happen to know that g and h represent exactly the same
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numbers and that there is a honothety from £ to h.
Then f dominates h and therefore dominates g. This
simple minded idea actually works for 36 forms.

Homothety is testable algorithmically. Indeed,
Will Jagy wrote a program for it. One feeds in 12
numbers: the coefficients of £ and g. Out comes
either the statement that there is no homothety or
(a useful bonus)lgll homotheties.

Now for the details. At the end of the paper
there is a hitherto unpublished table of the 119
forms at issue and their genus mates. We shall be
referring to a form by its attached number. If in
addition one of the letters A, B, C appears, this
is one of the forms for which the method works.
The letters stand for three infinite families.

A. It is known that the binary forms
xQ + Xy + yQ and Xl+ BYQ represent the same
numbers. Therefore if a tefnary'form has a
binary direct summand a(xg + Xy + yl ), this can
be replaced by a(xa+ 3y2).

B. The form (s, s, t, s, 8, s8) represents
the same numbers as (s, 4s, t, 2s, 0, 2s).

C. The form (s, s, 8, t, t, t) represents
the same numbers as (s, 4s, 2s - t, 4s - 2t, 0, 2t).
The proofs for B and C appear in Appendix I.

Remark. The second genus mate for form 37 can

be switched to (4, 4, -1, -1) by replacing x by -X.
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Appendix II records the 38 homotheties (there
are 2 more than 36 because the forms 21 and 37 each
have 2 genus mates). A more or less arbitrary
choice was made of the homotheties offered by the

computer. Here are the detail for form number 1:

£ = (1, 1, 3, 0, 1, 0). The mate 1is
= (1, 1, 4, 1, 1, 1) and its companion is
h = (1, 4, 4, 2, 0, 2). The homothety listed is

2z, x + y, y and indeed replacing x, y, z by

2z, X + vy, y in £ yields h.
Appendix I: Proofs for B and C.

B. The year is 2002, but there is still no
concensus on a canonical form for positive definite
ternary forms. Schiemann prefers (s, s, t, s, s, s)
but Brandt and Intrau prefer g = (s, s, t, s, 0, s).
(To pass from the first to the second replace y by

-x + y.) I shall use the second version. Sending

o . a
3 -t oa

y into 2y induces a Hoﬁothety that sends g into

h = (s, 4s, t, 2s, 0, 2s). We must conversely show
that any number g(x, y, z) represented by g is also
represented by h. This is immediate if y is even; so
we agssume that y is odd. Now replacing x by -x - y is
an automorphism of g; therefore the parity of x is at
our disposal. Another automorphism of g is available:
replacing y by -x - y - z. By appropriately choosing

the parity of x we can thus make y even, as required.



c. Ing= (s, s, s, £, t, t) replace y by
y - z to get g*x = (s, 8, 28 - t, 28 - t, O, £) .
Replace the new y by 2y to get h =
(s, 48, 2s - £, 4s - 2t, 0, 2t). We have to show

that a number A = g(xX, y, 2z) represented by g is
also represented by h. Two of x, y, z must have
the same parity, say y and z. In the corresponding

variables for g* the (new) y is even. This gives

what is required.

Remark. It can be seen that B is a special

cagse of C, but that is irrelevant here.
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