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~ On monotonic solutions of a functional equation (1)

by M. Kuczma (Krakéw)

The object of the present paper is the functional equation
1) ple(@)] = g(@, ¢(a),

where ¢(w) is the unknown funetion and g¢(w,y) is given. In the case
where the function g(z,y) does not depend on » equation (1) has been
solved in my paper [1]. The purpose of the present note is to prove that
under suitable conditions equation (1) possesses infinitely many solutions
that are continuous and strictly increasing in a certain interval.

We shall assume the following hypotheses regarding the funetion
gl@, y):

(1) g(@, ) > in an interval (m,, b), g(b, b) = b.

(ii) g(w,y) is continuous and strictly increasing with respect to
each variable in the closure T of the set ’

T m<e<h, a<y < B@),
where the function A(x) fulfils the conditions
@ g,y >yt yela, fl0), glo, b)) = o),
@€y, b) (*).

From the monotonity of the function g(z,y) it follows that the
function f(») is increasing and

(3) Blx) <b for welwy, b).

The result of this paper is given by the following

TuvoreM. Under hypotheses (i), (i) equation (1) possesses infinitely
many solutions that are continuous and strictly increasing in the interval
&gy 1.

Proof. Let @, be an arbitrary point from the interval (m,; B(w))

() We admit also the case b = oo as well as f(») = oo. Continuity is then
understood as the existence of a suitable (infinite) limit.


GUEST


296 M. Kueczma

and let the gequence , be defined for n >1 by the formula

(4) Tpps = §(@ny Tnyr) -
“We shall show that
(5) o (@py Bpyr)eT for w=0,1,2,...

For n = 0 it is evident. Let us suppose that (5) holds true for a certain
% > 0. On account of (2) and of the monotonity of the function g(x, y)
we have

(6) y<gl@,y) <pl@ for yelz,p@).
Consequently, by (3) and (5)
By < Bppy < Bpyp < B(@,) < /3(.’12‘"4_2))< b,

which proves that (@, 1, @nys) €T
Thus the sequence , is strictly increaging and then convergent

[ z.
Passing to a limit in relation (4) we obtain z = g(o?, %), whence it'folfpws
that & = b. ; '
Now let gy(x) be an arbitrary function continuous and strictly in-
creasing in the interval (@), #,> and fulfilling the conditions
Po(@) = @1,  @o(®) = @,

{m, po(@) T  for me(m,, @1).
We put

(1) puia(@) Sglpit@),a)  for  @e@ai, Tayad-

We shall prove that for every n the funection g,(#) is continuous and
strietly increasing in the interval {(a,,,.,> and

(8) (@) = LR ) ‘Pn(wn+1) = "I"‘M;z;
(9) (@, pu(@) eT  for we(Bp, Bpy).

For n = 0 it is so by the hypothesis. Let us suppose it true for a certain

7 2 0. Then the function g,(x) is invertible in the interval (@i, Tpye)

and
o' (@) e {ny Onpr>  for  wed@uii, Bpyo).
From (8) and (9) it follows that

(pa'(@), 2)eT  for @ {1y Duya)-

Thus the function ¢,.,(#) is, by formula (7), defined for ®e(®y..,
Tpyp). It8 continuity and monotonity follow from the continuity and
monotonity of the functions g(@,y) and ¢, (x). Further,

(10) By < Wppy <O K PBppp < b
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Moreover, according to (9),
@ = palgn' (0)] < Blon' (2)],
whence by (6) and (7)
(11) & < gya{®) < Blon (@)] < Bla).
From relations (10) and (11) it follows that
(@) pry1 (@) T for  BelBpupa, Buynd.
Turthermore, by (8)
1 (Tn1) = glon (@ng1)y Bnys] = G(By Boy1) == Bpps,
Pnp1(Bngz) = 9l0n" (Bnra), Tyl = 9 (@ni1s Coyn) = By ps.

Now if we put
(@)  for  wel@y, Bpy), n=0,1,2,...,
b for » =10,
then, a8 it can easily be verified, the function ¢(z) is defined, continuous
and strietly increasing in the interval <{uz,, b). We shall show that it
satisfies equation (1).

Let us take an arbitrary wme{m,, b). There exists an » such that
ZeBny Tppy). Thus @(s)elBpypr, Brya). We have by (12) and (7)

@ (1) = pu(x), ‘

ole(®)] = gnys [pn(®)] = g(‘f’;l [Pn(2)], ‘Pn(m)) = 9(99; ‘Pﬂt(m)) = g(w7 (P(‘n)) .
From the relation g¢(b, b) = b it follows immediately that also for z = b
the function ¢(x) satisfies equation (1).

Since the value ®; and the function ¢,(x) can be chosen in infinitely
many ways we obtain thus infinitely many solutions.

Remark. Equation (1) is a particular case of the equation

(12) p@) =

(13) olf o, o(@))] = 9(o, p()).

However, if tho function f(x, y) is invertible with respect to y, equation
(13) can be reduced to equa;tmn (1) by the substitution

»(@) = f(v, p(@)).
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