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1. Definitions.

Let £ be the set of all analytic functions F(z) which admit an
expansion of the type:

F@=z2+ [+ f:22+ ...,
convergent for:
lfl<p , p>0.

Let S be a set of complex numbers such that €S and b€ S implies
(a—b)eS, with 1€S5.

The function F (z) willbesaid to possess iterates in S if there
exists a function F (s, z), called the s.iterates of F (2), defined for s€S,

satisfying the following four condidons:

(1) FO,9)=F(@),
(2) F(s,2)eQ, (se9),
(3) F[s,F(s,2] =F[(s+5),3},(s,5€9),
k=
@ F(s,9) = 3 /u@? (for s€ 5, [<p(), p(5)>0).
k=1
where fx(s) are polynomials in s.
If the set S is the set of all integers, F(s,2) is said to be the

integer iterate of F(2).
If the set S is the set of all real numbers, F(s,2) is said to be

the complete real iterate of F(2).

If the set S is the set of all complex numbers, F(s,2) is said to
be the complete complex iterate of F(2).

If F(s,2) is a complete complex iterate of F (z) and is analytic in s,
it is said to be the analytic iterate of F(2).
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2. The Main Theorem.

The purpose of this paper is to prove that:

If the function F(z)€Q admits a complete real iterate
then a function F(s,2) exists which is the complete
complex iterate of F(z). This function is analytic in s
and is therefore the analytic iterate of F(2). If F(2) does
not have an analytic iterate, then it can only have iterates
F(s,?) ina real set S of one-dimensional measure zero
and in a complex set S of two-dimensional measure zero.

This theorem pariially fills the gap in our knowledge about the
analiticity (in s) of the s-iterates of analytic functions. Indeed, it is well
known [4], [6] that functions of the type F(2) = fi12 + f222 + ... with
tfi|#1 always have complete complex and analytic iterates. The case
[fi]=1, but fi71 is sdll largely open [4]. The case fi=1 is the one
covered by our Theorem.

The theorem shows that the functons with fi=1 fall into two
complementary classes: those having a complete complex and analytic iterate
and those who have iterates only in a set S of one- or two-dimensional

measure zero. The two classes are not void. The function

2
F(S , Z) = ~—i:}—'

is a classical example of an analytic iterate. The function €€ — 1 was shown
by I. N. Baker [1] to have no real non-integer iterates. M. Levine [6]

showed, using some results of the present paper, that this function

. Z L
and the functions z + 2z* and g have no analytic iterate.

(1
To prove our theorem we need some classical results from the theory

of integer iterates of functions in €2,

3. The integer iterates. _

If S is the set of all integers, the condition (4) in our definition
of F(s,z) is redundant. More preciscly we have the following well known
result which we quote in a form convenient for us and prove for comp-

leteness” sake:
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Let F(3)€Q have the expansion:
FQ@)=z2+ f22 4+ f:2 + .. (for |2|]< @, 0>0).
Then the s-iterate F(s,2) of F(z), for integer s, which

satisfies conditions (1), (2) and (3) is uniquely defined

and can be expanded in the power series:
k=00

) F(s,9= 3 i@ (for [<p @), p()>0),
k=1

where the functions fi(s) are polynomials in s (so that
condition (4) is antomatically satisfied) of degree n<kh—1.

Furthermore:
(6) Fu(0) = a5 [u(D=Ja; [1(s) =1
and the degree of fr(s) isnlk—1.
Proof [3]: Let m>0 be an integer. Expand [F(z)]" in a power

series and put:

k=

[F @ = Z Sm, u 2 (with [, s =0 for k<m).
k=1

Consider now the matrix:

F=|fmzll, (m=1,2, ..; k=1,2,.).
It is| readily shown by induction, using condition (3) that, for positive
integer s and m, if we write:

k=00

[f G, 2= z Sm,u(s) 2

and :

F(s) = | fm, 2 ()], (m=1,2,..; k=1,2,..)
then :
(7) F(s) = (F¥  (equation between matrices).

Noting that the matrix F is triangular, with all its diagonal elements =1,

and denoting by J the upit matrix:

J = ||8m, (m=1,2,..;k=1,2.),
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we have, using the fact that the unit matrix commutes with all matrices:

Let

F()=[(F—J)+J] = i( ‘;)(F - J)° (where (F—J)° = J).

o=0

F—J)s . be the element of the m-th row and the R-th column of

the matrix (F — J)°, then:

(F—=J)3 ,=0 for c>k—m

because the main diagonal of the matrix (F —J) is zero.

F(s),

(8)

the t
(F —

Condi
of ite

witho

(2) an

(1) (

for sé¢

and

Then

It follows that fxz(s), which is the element (1, %) of the matrix

is given by:
o=g o=k-1
fE = S()E=I, = > E-,(0).
g=0 0=0

Thus fx(s) is a polynomial in s. The highest degree of s occurs in

erm with the highest 0. This degree is thus (8 — 1) or less (if
J)’;j,i = 0).

Noting that (s

)——— 0 if 0>s5 we now easily verify conditions (6).
o

4. Non integer s.

We now have to examine our definition of F (s, 2) for non integer s.
tions (1) and (3) are unavoidable in any extension of the definition
ration. Condition (2) is arbitrary but seems to be a natural requirement
ut which the problem would be too indefinite.

Condition (4), for noa iateger s, does not result from conditions (1),
d (3). Indeed, let /fi(s) be defined by (8) and suppose conditions
») and (3) to be sarisfied. Let H(s) be a Hammel function defined
=S . That is let:

H(s)Zs, H) =1

H(s+s)y=H(s) + H(s"), (s,se€S).

the function :
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=00
F*(s,2) = > [i[H)]2,
k=t
which, for integer s coincides with F (s, z), satisfies conditons (1), (2)
and (3) for all s€S, but not condition (4).
Condition (4) is therefore necessary to ensure the unicity of the function
F (s, 2) for those values of s for which it is defined. It is also sufficient
to ensure this unicity because a polynomial f4(s) is uniquely determined if
its values are given for all integer s.
Note that condition (4) could be replaced, in the case where the set
S is dense, by the requirement that the functions fx(s) be continuous

functions of s.

5. The sequence {l}.

Consider the sequence of numbers {/} defined by:
b= fr1(0).

(Note that we could as well have written Ziy1 for /. Our choice of
notation is made to conform with other usage). Here f% (s} is the
detivative of the polynomial fi(s) defined by equarion (8), so that:
(9) lh=0; ! =6=k(—_£(F—J)° k=1,2,.)
Equations (9) show that the function F(z) determines uniquely the
sequence {4} .

Conversely, the sequence (i} determines uniquely the
sequence {1,f2,/s,..} of the coefficients of the expansion

of the function F(2)€Q which generated the sequence {/}.

Indeed the f; with the highest subscript which appears in equations
(9) is fi+1 and this appears only in the term for s=1. In that term it
appears with the coefficient 1. Thetrefore, writing equations (9) successively
for k=1, k=2,.., we can solve them successively and determine the
numbers /. Clearly equations (9) cannot yield the cocfficient of z in F (2)

but this coefficient is known to be 1 because F (z) Q.
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6. The function L(z).

Consider the formal expansion:

k= =3}
(10) L(z) = fu(0)* == by b,

There are two cases according to whether the radius of convergence p of
the series on the right is positive or is zero.
We note that if F(z) has an analytic iterate F (s, z) then:

L(z) = f’f(dss’ d

s=0

This results from definitions (4) and (10). Furthermore the function L (2)

also satisfies the double functional-differential equation [4]:

OF (s ,z) _dF(s,z)

(11) LIF(s, 2} = === = L) - —5

Indeed, differentiating equation (3) over " we find:

oF (s

——(;?’—22 =F;[s,F(,2)] = F[s +5),2].
Putting $"= 0 and noting that, by (6), F(0,2)=2z, we get the second
half of equation (11). Differentiating equation (3) over s we find :

F.[s,F(s, 2] =Flis +5),4]

Putting s = 0 and changing s’ into s we get the first half of equation (11).
All this holds however only if the function F (2) has an analytic
iterate, This is not always the case.
We shall prove two theorems, corresponding to the two possibilides,

which together will be seen to be equivalent to our Main Theorem.

1. Two theorems.

Theorem 1. If the radius of convergence of the series
(10) is p>0 then the series defines a function L(z) and
permits to construct a uniquely defined function F(s,?)
satisfying conditions (1) to (4) for |¢<p(s) with p(s)>0 for
all finite complex s. This function F(s,2) is then analytic
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in s and in 2 for all finite complex s and for [z/<p(s). Icis
the complete complex iterate of F(z) and is also the
analyticiterate of F(2).

Theorem II. If the radius of convergence of the series

in (10) is p=0, then the radius of convergence p(s) of the
k=0
series z fa(s)s* is =0 for almost all complex s and for

k=1
almost all real s. The funcrtion F(z) then does not admit
acomplere complex or a complete real iterate.
As there are only two possibilities, the function F (s, 2) qua funcion
of s must either be defined for every finite complex s and be analytic in s,
or it must exist only for real values of s belouging to a set of one-
dimensiopal measure zero or for complex values of s belonging 10 a set

of two-dimensional measure zero, which is our Mazin Theorem.

8. Proof of Theorem 1.

We assume that the radius of convergence of the series (10) is 9>0
and propose to prove that then there exists a unique function F (s, 2)
satisfying conditions (1) to (4) and that this function is analytic in s.

Consider the differential equation

- & LQ  LOHAD+..
dz L(z) L2+ L2+..

This equation has a meaning for [2|,|{|<p but it bas a singularity for
z={_=0 so that Cauchy’s existence theorem is not directly applicable to
its solution in the neighborhood of z= 0. Let the first /x which is not
=0 be I, and put:

=17z 4277,

Equation (12) becomes :
dn L(z 420t y)
, S ZETE )
1+ (p+1)ePn 4 2° iz X5 ;
or:
dn LE+z2t'n)—[1+(p+1)22n] L(2)

dz z8+1 L (2)
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A short computation based on Taylor's theorem shows immediately that
the right hand side is analytic for =17 for any finite complex 70 and
for sufficienty small z. (Indeed for z such that 2|<p and |2+ 27T |< p,
where 70 is any finite complex number). Cauchy’s existence theorem® is
now applicable and shows that the equation in # has a unique solution
satisfying the initial conditions:
2=0;7m="n.
We shall now choose no=1,5, where s is another arbitrary finite complex

constant,
Equation (12) has therefore a unique solution of the form:

(13) {=8(,8) =2+ [pn(0)szP™ + 2725 (s, 2),

where £(s,%) is analytic in # for any s and for |2|< p(s) for some
p(s)>o0.

We now want to show that {(s,z) = F (s, z) and is analytic in s.
The proof of this is quite straightforward and elementary but is somewhat
lengthy as we have to show that each of the conditions (1) to (4) is
satisfied.

Condition (2) is satisfied as, by (13), {(s, 2) Q.

To show that condition (3) is satisfied, consider {(s+5§",2) and
£ (s, 2). These functions, qua functions of z, satisfy the equations :

al(s+s",2) _ LIZ(s+5,2)]
dz L(2)

and
al(s",z)  L[{(s,2)]

dz L(z) ’

with constant s and §". Whence by division:

al(s+s,2)  L[{(s+5",2)]
a(s',zy L[L(G,2)

But this is an equation of type (12), its solutions are:
{(G+s,2)=C[s",0(, 2],

* E. Goursat, Cours d'Analyse Mathématique. Tome 11, p. 347, Paris 1911.
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with constant $”. It remains to prove that s” = s. This is seen by expanding
both sides into powers of z by (13) and equating the coefficients of 27+,

To prove that condition (4) is satisfied, that is that the coefficients
of the powers of z are polynomials in S, we proceed by induction. By (13)
the proposition is true for the coefficients of 2% with A <p + 1. '

Put
R=o0
{(s,2) = gr(s) 2
2

and carry this expansion into equation (3). Equating the coefficients of z°
on both sides of (3) we find, assuming all previous coefficients 1o be

polynomsals :
2a(s + %) = o (5) + s P(s, ),

where P(s,s") is a polynomial in § and s°.

Therefore :
g’d (s) = P(S ) 0)

and g4(s) is also a polynomial in s.

The functon £ (5,2) has thus been shown to be the s-iterate of
{(1,2). It remains to be shown that it is analytic in s and that condition
(1) is satisfied so that {(1,2) = F,(2).

For [z]<p(s) the function {(s,z) is the sum of an absolutely
convergent series of analytic functions of s (actually of the polynomials
2" gr (p)). The function {(s,2) is thus analytic in § and it remains 1o
be shown that it is the analytic iterate of {(1,2).

We shall now show that

0l (s, %) _
S . = L (z).
Pur
(s, |
— 3 _ = M(2).

By equations (11) we have:

K(s,7) ,
— 5 =M[I(s,2)].
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By equation (12) we have:

= L[{(s,2)].

L(z) - .___._~d( (;s’ z)

Differentiating this over s we find:
a o(s.2) 1 4. (s, 2)
L@ - g [ o] = v =
Putting $ =0 and noting that {(0,2)=2 (indeed 2 is a solution of

equation (12) and is therefore the unique solution when §==0), we get:
LE)-M((2)=L(z)-M(2).

Therefore M (z) = cL (z) where ¢ is a constant. Using (13) we see that the

coefficient of 2P*' in M(2) is f4.(0)=1,, which is the coefficient of

2Pt in L(z) so that ¢= 1 and:

(s, 2)

Js == L(Z).

5=0

But we have seen that L(z) can originate in this way from one function

F (2) only, so that:

L@,z = F(2).
and

{(s,2) = F(s,2)

is the complete complex and the analytic iterate of F (2).

9. Two lemmas.

To prove Theorem Il we need two lemmas.

Lemma 1 (real case): Let 4 and B be given positive
fiumbers with BSA. Let (%) be any polynomial of degree
ninx with |[p(0)|ZA* where kZn41. Then there exists
an absolute constant ¢ such that the one-dimensional
measure m;, of the set in real ¥ for which |x|<?¢ and
|p(x)| < B* is:
ctB
1

¥
A
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Proof : We may suppose # =1, for if #=0 then w1 = 0.

Choose any (% - 1) numbers %, %, .., %ss1. Then by Lagrange's
interpolation theorem :

i=ﬂ+ 1 s (x)

p(x) = i; mﬁ(m),

where

f=n+1

s(x) = H (v — ;)
§=1

and therefore

s'(x;) = I]_ (% — ).

i#
We have:
= [s(0)]
(14) POIS O 5] Ta PG

Now choose the (# 4 1) numbers %; so that:

Q

A ’{)(x')1<Bk,

<l <ty g — x>

a
(15) % = real; YR

where « is a positive number to be chosen presently.

If we cannot find (# + 1) numbers satisfying (15), then all numbers
x; such that |p(%)| < B* are confined to, at most, # intervals of length

o . i
———, Thus, in this case:

nd

(16) m;.ﬁnf——:*.

If, on the other hand, the (#+ 1) numbers % can be found to satisfy
(15), then:

1 ¥ |
<-— and |p(x)| < BE.

A<pO [s@f<r <o

Moreover we can estimate |s (%;)| by noting that it takes its smallest value
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when the x; ace the closest to each other, that is when

a
Sl Ay y
and then for
_ 1:1,]
5 .
Therefore :
1 1 "t An

PG R

Cartying all these estimates into (14) we get:

A n» An
k wtl . BV . .
At <t o B nt+1 14 a* -’
Let ¢; be the upper bound of 2[ nfl 7 Yl('m) then the above
I |
inequality yields: {[ 2 ]}
kf(n41) B \(F-n-15/(n+1)
o < [ tA. (%) = Cgt (X) g Cy tB,

because B< A4 and kZ=2n+1.
Choosing 0 ==¢, !B we arrive at a contradiction so that there are no

(# 4+ 1) numbers %; satisfying (15) for this value of a. Therefore, from (16):

< ¢ iB
1 = A )

which proves Lemma 1.

Lemma 2 (complex case): Let 4 and B be given positive
numbers with B A. Let p(x) be a polynomial of degree #
in x with |p(0)|=A* where 22n+1. Then forall complex
% there exists an absolute constant ¢ such that the two-
dimensional measure 7, of the set in complex x for

which [#/<f and |p(x)|<B* is:
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c't*B
my  — i

4

Proof: As in the proof of Lemma 1 we choose (7 + 1) numbers
%; but now we demand that these numbers satisfy the conditions :

— *)
0 VE<hi<t laal=lnl> ag 5 1pGI< B,

where @ is a positive number to be determined presently. If we cannot
find (n-+ 1) such numbers, then all the numbers % for which |p (x)[<B*

. . . a .
are concentrated, at most, in # rings of width A and outer radius X7,

so that, in this case:

. a of
(18) mZén'Zﬂmt—ZR—Z—.

Proceeding as in the proof of Lemma 1, we find that if (#+ 1) numbers

%; satisfying (17) exist then:
A4 %" A
k n+1 - B — .
— I

nt e 20

let ¢; be the upper bound of [— , then the above

e 1
EESuRd
inequality yields: {[ 2 ]}

B \*int+1) B\ Gen-tp | (n472)
a < cytA (—;{—} = ¢ tB ('/‘1“)

as before.

< 6tB,

Choosing 0 ==¢,{B we arrive at a contradiction so that there are
no (#n+ 1) numbers »; satisfying (17) for this value of a. Therefore,
from (18):

2nc, B

== ?

()

which proves Lemma 2.

* We could replace this inequality by |x;, , — %;| > a/nA, then by slightly
longer computation we would obtain m, < ("(BJA .
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10. Proof of Theorem II,

We consider the sequence of polynomials
1
PG = — o (),

Let m; be the degree in x of pu(x). If f,70 then, by (6), ma<k—2.
If f2=0 the degree #m; is still smaller. In all cases £>n-+1 and
Lemmas 1 and 2 are applicable. As fx(0)=0 (for £>1), we see that:

24 (0) = f%(0) (for k272).

k=w
Our assumption is that the series z fx(0)2* diverges for all
k=2
270, that is that, for any given 4>0 we have:
l/’k(o)l > ‘Ak:v

for infinitely many k.

Let B be any given positive number. Choose an increasing sequence
of positive numbers A; tending to infinity with ¢ and such that
B<LA<A4:;<... It results from our assumption that, given any ¢, an

integer k; can be found such that:
Iml 0) > A;‘q .

We have to prove that, given B, the one- (or two-) dimensional

measure 7m; (or m;) of the set in real (or complex) » for which:
(19) lim |4, (%)% < B,
¢>o

is zero.
It suffices to show this for [¥|<?, Let S, (or S"®y) denote that set

in real (or complex) % for which |pe, (¥)|<B%. Then, by our Lemmas:

cBt , ¢'Bt?
A, : mz(sﬁ‘f‘s)_ﬁ_ 4,

i (SiE) <

If x satisfies inequality (19) then €S9, (or €S ®y) for all but
a finite number of ¢, so that:
=0 g=w =m0 g=w

(20) re U n S, (or x€ U N SE.

=t g=I =1 ¢=i
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But as 4, > o we have 7 (S%)>0 (or my(S70) > 0). Thus the

measure of the sets in x satisfying (20) is zero.

11. Qeneral remarks.

Lemmas I and II are akin to H. Cartan’s theorem [2]:

Let h(z)=H(z——z,-) be a polynomial and H >0 any

=1

H\"»
given positive number. Then [f(z)[g(~e—) everywhere

except in a set covered by, at most, # circles of radius
n
¥i,%,..,% such thart Zr,-ng.
=t
Our lemmas can be modified in many ways. In particular in Lemma II

¢"tB . ¢i’B
1 instead of our 71, < — We have

it is possible to obtain m; <

prefered giving the weaker result, which is sufficient for our purposes,
because the proof of Lemma II then becomes a repetition of that of Lemma I
and is shorter. Similarly if we had taken X =n-+1 instead of k2#n 41
the condition 4>B could be discarded. However, we needed the case

k>n+1 because when f;=0, the polynomials
1
OB

are of degree n<<k — 1.

Our main theorem has been surmised for some time. An attempt to
prove it, by using a majorating function, which failed, is described by
M. Levin [6].

To G. Szekeres [7] is due a detailed study of the structure of iteration
which may yield further results connected with the problem of analyticity.
This paper also includes an ample bibliography of the subject.

The authors have vainly attempted, together with G. Szekeres, to give
an answer to the following question:

If F(z) admits iterates in the set S but has no analytic iterate, can S

be dense on the real axis (or in the complex plane)?
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This question is still open. Our Main Theorem only shows that the
set S is then of one-dimensional (or two-dimensional) measure 0. The
only known result in the field is due to I.N. Barker [1] to the effect that,
for the particular function F(2) = e¢*—1, the set S on the real axis reduces

to the set ot integers.
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