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The authors have developed a method for fast and extremely accurate computation of axisymmetric
or two-dimensional internal turbulent flows with Reynolds number between107 and 108. The main
ingredients are a modification of the Galerkin method based on splining (to overcome difficulties of the
standard Galerkin method at the boundary) and a curvilinear orthogonal coordinate system following the
boundary and approximately following the flow lines. I will describe the two techniques and present some
applications.
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Boundary Element Method for Axisymmetric Flow

Governing equation: ∇2ϕ = 0
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Boundary conditions:

(a) Radial with distance between the planes b0: vz ≺ vr ∼ ± Q

2πrb0
as r → ∞

(b) Cylinder with radius r0: vr → 0, vz → ± Q

πr2
0

as z → ±∞,

(c) Cone with vertex (0, z0) and generatrix r = tanα (z − z0):

v(r, z) ∼ ± Q

2π(1 − cosα) |n|3 n, as |n| → ∞, where n = (r, z − z0).
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(a) Radial: γ ∼ ± Q

2πb0r
as r → ∞ with opposite signs on the two planes.

(b) Cylinder: γ → ± Q

πr2
0

as z → ±∞

(c) Cone: γ ∼ ± Q

2π(1 − cosα) |n|2 as |n| → ∞, where n = (r, z − z0)



We can compute the integrals with respect to d` exactly using the following table integrals
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Finite elements with closed form Galerkin integrals

To implement the finite element scheme we will use the following master elements in di-
mensionless variables ξ and η: 4-node element with bilinear tensor Lagrangian interpolating
shape functions for pressure and 9-node element for biquadratic tensor Lagrange interpolat-
ing shape functions for velocity as illustrated in the following figure and tables.
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Master elements in dimensionless variables ξ and η

Deg. Nodes Polynomials

n {tk: 1 ≤ k ≤ n} `ni =
∏

1≤k≤n, k 6=i

x− tk
ti − tk

1 {−1, 1} `11(x) =
1
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2 {−1, 0, 1} `21(x) =
1
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2
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Lagrange interpolating polynomials

ϕ̂1(ξ, η) = `11(ξ)`11(η) ϕ̂2(ξ, η) = `12(ξ)`11(η)
ϕ̂3(ξ, η) = `12(ξ)`12(η) ϕ̂4(ξ, η) = `11(ξ)`12(η)

Bilinear tensor Lagrange shape functions for the 4-node element

ψ̂1(ξ, η) = `21(ξ)`21(η) ψ̂2(ξ, η) = `23(ξ)`21(η) ψ̂3(ξ, η) = `23(ξ)`23(η)

ψ̂4(ξ, η) = `21(ξ)`23(η) ψ̂5(ξ, η) = `22(ξ)`21(η) ψ̂6(ξ, η) = `23(ξ)`22(η)

ψ̂7(ξ, η) = `22(ξ)`23(η) ψ̂8(ξ, η) = `21(ξ)`22(η) ψ̂9(ξ, η) = `22(ξ)`22(η)

Biquadratic tensor Lagrange shape functions for the 9-node element

Elements

∆
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q

Transformed elements

pi = pi−1 + ∆p pi+1 = pi + ∆p

qi = qi−1 + ∆q qi+1 = qi + ∆q

ξ =
p− pi

∆p
(−1 ≤ ξ ≤ 1) η =

q − qi
∆q

(−1 ≤ η ≤ 1)

The relationship between p, q and ξ, η



The governing equations for incompressible steady two-dimensional flow are the conser-
vation of mass (continuity) equation

∇ · v = 0

and the balance of momentum (Navier-Stokes) equation
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− v × (∇× v) = F− 1

ρ
∇P + (ν + τ)∇2v,

where
ρ mass density
v velocity
F body force density
P pressure
ν Newtonian kinematic viscosity
τ turbulent kinematic viscosity

The governing equations written in curvilinear orthogonal coordinates p and q in the
two-dimensional are
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where vp and vq are the components of v, Fp and Fq are the components of F, and hp and
hq are the metrical coefficients (Lamé functions).
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9∑

k=1

ψ̂kvqk

Continuity equation residual:

Rc(vpk, vqk) =
∑
k

(
∂hq

∂p
ψk + hq

∂ψk

∂p

)
vpk +

(
∂hp

∂q
ψk + hp

∂ψk

∂q

)
vqk

〈Rc, ϕj〉 =
∑
k

(〈
∂hq

∂p
ψk, ϕj

〉
+

〈
hq
∂ψk

∂p
, ϕj

〉)
vpk +

(〈
∂hp

∂q
ψk, ϕj

〉
+

〈
hp
∂ψk

∂q
, ϕj

〉)
vqk

where
〈f, g〉 =

∫ ∫
fg hphq dp dq

Spline, e.g.:
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where

ω̂1(λ, µ) = H01(λ)H01(µ) ω̂2(λ, µ) = H02(λ)H01(µ) ω̂3(λ, µ) = H02(λ)H02(µ)
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where λ and µ are shifts of ξ and η and H ’s are Hermite interpolant polynomials:
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The Galerkin–Gokhman method

vpg =
∑
k
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where vps and vqs are splined.
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