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We describe an algorithm to calculate the incomplete gamma function for complex arguments. The
ediwarofylkciuqegrevnocotredroni,noitcarfdeunitnocahtiwseiresrewopasenibmocmhtirogla

range of argument values. In principle, arbitrary precision may be obtained. Such an algorithm is
.noitcnufammagetelpmocniehtfosesaclaicepserasnoitcnufnwonkllewlarevesecnistneinevnoc

We include a double precision FORTRAN 77 implementation.

noitcudortnI.0§

In this paper we present a general algorithm, along with a working FORTRAN 77 implementation, to

noitcnufammagetelpmocniehtfosesaclaicepS.)x,α(Γnoitcnufammagetelpmocniehtetaluclac

include the exponential and logarithm integrals and the error function (or probability integral), as

,eniseht,stnemugraxelpmocstpeccamhtiroglaehtecniS.snoitubirtsidχlacissalcehtsallew 2

cosine and Fresnel integrals can be calculated. Other special cases include Dawson’s integral and an

etaluclacotedocgnicudorpnehw,eroferehT.).xidneppAeeS(ztiwomarbAybdelipmoclargetni

special functions, the incomplete gamma function with complex arguments is an appropriate level of

rofsnoitcnufyrarbildradnatsonebotmeesereht,yletanutrofnU.krowothcihwhtiwytilareneg

computing the incomplete gamma function, nor are there standard library functions for computing the

-cnufyrarbil]31[77NARTROFXINUdradnatsasierehT.stnemugraxelpmocrofnoitcnufammag

tion ‘dgamma’ −−−− ‘lgamma’ in the C language −−−− to calculate the gamma function Γ(α,0), but unlike

sreffus]21[AMYSCAMXINU.noisrevxelpmoconsiereht,snoitcnufyrarbilNARTROFynam

from essentially the same defect as the FORTRAN and C function libraries. Numerical evaluation

ehtezingocernacAMYSCAMhguohtladna,noitacfiilpmisnitlusertonlliwstnemugraxelpmochtiw

error function, it doesn’t recognize the incomplete gamma function in its full generality. ACM Algo-

ehtnoxdnaαsretemarapehtfoegnardetcirtserarofammagetelpmocniehtsetaluclac]1[41mhtir

complex plane. In particular, as x cannot be zero, his algorithm does not compute the gamma func-

laerevitisopdnaαlaerrofnoitcnufammagetelpmocniehtsetaluclac]2[534mhtiroglAMCA.noit

x . Observe that ACM Algorithm 435 must be supplied with a gamma function calculator. Both
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these algorithms use the continued fraction expansion for the incomplete gamma function, but they

-ernoisrucerraenilmretowtagnisufodaetsni,noisividdetaeperybnoitcarfdeunitnocehtetaluclac

lation. The SAS routines [7] can be used to calculate both the incomplete gamma function Γ(α,x )

-cnufrorreehtsniatnoc]5[yrarbiLLSMIehT.sretemaraplaerrofxottcepserhtiwesrevnistidna

tion and the complete gamma function, but the incomplete gamma function, in its full generality, can

-nessesierehtnemelpmiewmhtiroglaehT.stnemugranoisicerpelgnislaerrofdetaluclacebylno

tially algebraic and generally convergent. Therefore arbitrary precision can, at least in principle, be

si)x(eRfilamitpoesnesemosnisinoitamixorppanoitcarfdeunitnoceht,eromrehtruF.deniatbo

large.

§1. The algorithm

Γ(α,x ) =
h(α,x )
e x______ ,

αx−

erehw

h(α,x ) = x +
1+

x +
1+

x +
1+ . . .

3−α________

2___________

2−α_______________

1__________________

1−α_____________________ .

.foorpecnegrevnocarof]41[eeS.853.8]3[eeS

Efficient calculation of h (α,x ) is possible because consecutive terms of a continued fraction can be

noitalernoisrucerehT.)1.1retpahc,]6[eeS(noitalernoisrucerraenilmretowtafosnaemybdetupmoc

of interest to us is given by the following lemma.

Lemma 1: Let {p }, {q }, k =0,1,2,... be sequences satisfying the second order homogeneous linearkk

noitauqeecnereffid

y =
y +



 2
k +3____ − α




y for odd k

xy +
2

k +2____y for even kk1+k

k1+k

2+k {

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deunitnocehtnimretht-kehtsiq/pnehT.1=q,1=q,α−1+x=p,x=psnoitidnoclaitiniehtdna 0 1 0 1 k k

.)x,α(hrofnoitcarf

The value of Re(α−x ) can be reduced by using the following lemma.

:2ammeL

Γ(α+1,x ) = αΓ(α,x ) + x e x−α

,yltnelaviuqe,ro

x /h(α+1,x ) = α/h(α,x ) + 1

.denfiedsinoisserpxeehtrevenehw

See [3] 8.356.2. As our code concentrates on h (α,x ), it is the second equation of lemma 2 that is of

.suottseretni

If x is near the negative real axis we can move x to some new value using the following lemma.

:3ammeL

Γ(α,y ) − Γ(α,x ) = Σ
n !(α+n )

(−1) (x − y )________________
n+αn+αn∞

0=n

.denfiedsinoisserpxeehtrevenehw

See [3] 8.354.2. In our code y =1 to facilitate computation. If (α,x ) is near (−n ,0), where n is a nonne-

nacammelevobaehtnimusehtnimretht−nehtneht,orezotlauqetonsixfitub,regetnievitag

become something like zero over zero to the computer. We can extend the domain of our routine

ehtgnipleheraew,yllaitnessE.2/)x(gol)n+α(−)x(gol−htiwmretsihtecalperewfi)0,n−(otresolc 2

n+αcomputer calculate (1−x )/(α+n ) accurately and recognize what the limit of this expression is, as α

yletamitlutsum)x,α(ΓrofmhtiroglaynatahtsmelborpcisnirtnieerhthtiwtfeleraeW.n−otsdnet

face: First, for x =0 and α a nonpositive integer, Γ(α,x ) = ∞. Second, unless α is an integer, Γ(α,x ) is a

,snoitceridniatrecgnola∞hcaorppaewsa,drihT.0=xtatniophcnarbahtiwnoitcnufdeulav-itlum

computation of Γ(α,x ) is limited because of the inability of the computer to calculate x accurately.α

noitacfiitreC.2§
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ammagetelpmocniehtfosesaclaicepseratahtsnoitcnuflaicepsfoselbathtiwedocehtderapmoceW

function. See the appendix for the pertinent definitions. Calculations were performed on a VAX

yletamixorppasirebmunlaertsegralehttahtetoN.]31[XINUsawmetsysgnitarepoehT.087/11

1.7014118346046×10 . Values of log Γ(x +iy ,0) for x =0(0.1)10, y =0(0.1)10 are given to 12 decimal83

places in [11]. If x ≥2 our code will deflate x until x <1, and thus our primary concern was for x <2.

,dekcehcerewseulav051,2≥xroF.dekcehcerew01)1(2)1.0(0=y,9.1)1.0(0=xrofseulaveht,2<xroF

including x =10, y =0(0.1)10. Agreement was generally perfect, with some disagreement in the 12 ht

ht sevigelbateht,elpmaxeroF.ecalp11ehtnitnemeergasidlanoisaccosawereht,7.7>yroF.ecalp

Re[log Γ(10+10i ,0)] = 8.236131750449, whereas the code gives Re[log Γ(10+10i ,0)] = 8.2361317504863.

seulav06.secalplamiced01otnevigera1.3)1.0(0=y,0)1.0(1.3−=xrof)yi−x−(iE−foseulav,]01[nI

were checked. Five values disagreed in the last place. The greatest discrepancy occured at x =−0.4,

sihT.30253317144846.0−sevigedocehtsaerehw3317144846.0−fotraplaerasevigelbateht:7.0=y

book also gives 6 decimal place values of −e Ei(−x −iy ) for x =−20(1)20, y =0(1)20. 50 values wereyi−x−

checked; agreement was perfect. Values of ci(x ) and si(x ) for x =10(0.01)100 to 10 decimal places

seicnapercsidoN.001)01(01gnidulcni,edocehthtiwdekcehcerewseulav05.]9[nidnuofebyam

were found. The probability integral is compiled in [4] table 7.1. The table gives 10 decimal place

lenserFehT.dnuoferewseicnapercsidon;dekcehcerewseulavllA.2)10.0(0=xrof)x(Φfoseulav

integrals are compiled in [4] table 7.7. The table gives 7 decimal place values of C ( 2πx /2) and√

√S ( 2πx /2) for x =0(0.02)5. All 251 values were checked. The code reproduced all the values of C , but

tsetaergehT.07.3dna,84.3,69.1,67.1,42.1:xfoseulav5taelbatehthtiwdeergasidtiSrof

discrepancy occurs at 1.96, where the table gives a value of 0.3483830 but the code gives a value of

ecalplamiced01sevigelbatehT.5.7elbat]4[nidelipmocsilargetnis’noswaD.73436049283843.0

values of daw(x ) for x =0(0.02)2. All values were checked; no discrepancies were found. The chi-

rof)x(Ffoseulavecalplamiced5sevigelbatehT.7.62elbat]4[nidelipmocsinoitubirtsiderauqs χ 2
k

tonera2862seulavesehtfO.67)2(04)1(02)5.0(01)2.0(2)1.0(1.0)10.0(10.0)100.0(100.0=x,03)1(1=k

equal to 0 or 1 to 5 decimal places. All values were checked. For 68 of the values, the last place of the

-orpererehwseulavgniniamerehT.tigidenoybedocehtybdecudorpseulavehtmorfdereffidelbat
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7sevigelbatehT.6.7elbat]4[nidelipmocsiztiwomarbAybdeidutslargetniehT.yltcaxedecud

decimal place values of abr(x ) for x =0(0.02)1.7(0.04)2.3. Of these 101 values, all but 5 were repro-

sevigedoceht,1176651.0=)41.0(rbasevigelbatehtsaerehw,elpmaxeroF.yltcaxedecud

0.15667104724645. Similar discrepancies occur when x equals 0.52, 0.74, 0.98, and 1.28.

edocehT.3§

Here we give the FORTRAN 77 code. The continued fraction is calculated in the routine ‘cdhs’. The

nitfihsehT.yltneicffieskrow’shdc‘hcihwniegnaraotnixdnaαtfihsotderiuqersiedocehtfotser

α is performed by ‘cdh’. The shift from Γ(α,x ) to Γ(α,1) for x near the negative real axis is performed

ecnatsideht,elpmaxeroF.yrartibraniameredocehtfoserutaefniatreC.’gidc‘enituorniamehtyb

from the negative real axis is measured using the L -norm. Thus the following code may be far from1

selbairavehtgniyrav,ralucitrapnI.repapsihtnidebircsedmhtiroglaehtfonoitatnemelpmilamitpoeht

xlim and ibuf of ‘cdig’, buf of ‘cdh’, and tol1, tol2 of ‘cdhs’ may improve performance of the code.

erusneoteulavhgihaotmilitesevaheW.noisicerplortnoc’shdc‘fomilidnarorreselbairavehT

high precision at the possible expense of time. The variables xlim of ‘cdig’ and buf of ‘cdh’ control

xelpmocehtnomron-Lehtsetaluclac’mrnd‘enituorehT.ylevitcepser,αdnaxfognitfihseht 1

.enalp

double complex function cdig(alpha,x)
namhkoGyrtimD&naltsoKcirEyBnettirW---c

c --- March 1986
double complex alpha,x,cdh

q,p,eno,erxelpmocelbuod
double precision xlim,zero,dnrm

/.1,23244171144978763.0/eno,eratad
data xlim,zero/1.,0./ibuf/34/

.1=xottfihsneht,sixalaerevitagenehtraensixfI---c
if(dnrm(x).lt.xlim.or.dreal(x).lt.zero.and.

neht)milx.tl.))x(gamid(sbad*
cdig=re/cdh(alpha,one)

)er/x(laerd=mili
do 1 i=0,ibuf-ilim

)q,p,i,x,ahpla(mretllac
cdig=cdig+p*q

eunitnoc1
else
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)x,ahpla(hdc/))x(goldc*ahpla+x-(pxedc=gidc
endif

nruter
end

c
subroutine term(alpha,x,i,p,q)

.ylluferac!i)i+ahpla(/))i+ahpla(**x-1(i**1-=q*petaluclaC---c
double complex alpha,x,p,q,ci,alphai

xldc,owt,eno,orezxelpmocelbuod
double precision tol,xlim,dnrm

/.93/milx/7-d.3/lot/.2,.1,.0/owt,eno,orezatad
if(i.eq.0)q=one

i=ic
alphai=alpha+ci

neht)orez.qe.x(fi
p=one/alphai

ic/q-=q)0.en.i(fi
return

fidne
cdlx=cdlog(x)

c --- If (1-x**alphai)=-x**alphai on the computer,
.woflrevodiovaotemehcsevitcudniehtegnahcneht---c

if(dreal(alphai*cdlx).gt.xlim.and.i.ne.0)then
iahpla/)eno-iahpla(*p=p

q=-q*x/ci
nruter

endif
if(dnrm(alphai).gt.tol)then

iahpla/)iahpla**x-eno(=p
esle
p=-cdlx*(one+cdlx*alphai/two)

fidne
if(i.ne.0)q=-q/ci

nruter
end

c
double complex function cdh(alpha,x)

namhkoGyrtimD&naltsoKcirEyBnettirW---c
c --- March 1986

double complex alpha,x,cdhs
1ahpla,nc,mus,mret,enoxelpmocelbuod

double precision buf
/.0/fub/.1/enoatad

c --- If Re(alpha-x) is too big, shift alpha.
fub-)x-ahpla(laerd=n

if(n.gt.0)then
1+n=nc

alpha1=alpha-cn
x/eno=mret

sum=term
n,1=i1od

cn=n-i+1
term=term*(alpha1+cn)/x

mus+mret=mus
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eunitnoc1
sum=sum+term*alpha1/cdhs(alpha1,x)

mus/eno=hdc
esle
cdh=cdhs(alpha,x)

fidne
return

dne
c

double complex function cdhs(alpha,x)
namhkoGyrtimD&naltsoKcirEyBnettirW---c

c --- March 1986
double complex zero,half,one,alpha,x

rotcaf,ic,1r,0r,1q,1p,0q,0pxelpmocelbuod
double precision tol1,tol2,error,dnrm

/.1,5.0,.0/eno,flah,orezatad
data tol1,tol2,error/1.d10,1.d-10,5.d-18/ilim/100000/

eno=0q
q1=one

x=0p
p1=x+one-alpha

mili,1=i1od
ci=i
if(p0.ne.zero.and.q0.ne.zero.and.q1.ne.zero)then

0q/0p=0r
r1=p1/q1
if(dnrm(r0-r1).le.dnrm(r1)*error)then

1r=shdc
return

fidne
c --------- Occasionally renormalize the sequences to avoid over(under)flow.

.ro.2lot.tl.)0p(mrnd.ro.1lot.tg.)0p(mrnd(fi
* dnrm(q0).gt.tol1.or.dnrm(q0).lt.tol2)then

0q*0p=rotcaf
p0=p0/factor

rotcaf/0q=0q
p1=p1/factor

rotcaf/1q=1q
endif

fidne
p0=x*p1+ci*p0

0q*ic+1q*x=0q
p1=p0+(ci+one-alpha)*p1

1q*)ahpla-eno+ic(+0q=1q
1 continue

c --- If the peripheral routines are written correctly,
.detucexeebrevendluohsstnemetatsruofgniwollofeht---c

print*,’cdhs: *** Warning: i >’,ilim
1r,0r,’=1r,0r***:shdc’,*tnirp

cdhs=half*(r0+r1)
nruter

end
c

double precision function dnrm(z)
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zxelpmocelbuod
dnrm=dabs(dreal(z))+dabs(dimag(z))

nruter
end
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xidneppA

Here we present standard formulas that relate the incomplete gamma function and other special func-

.snoit

Integral Definitions:

The incomplete gamma function ([3] 8.350.2, 8.310.1):

.)0,α(Γ=)α(Γ,tdet=)x,α(Γ
x

∞
α−1 −t∫

ybdenfiedsinoitcnufammagetelpmocniyratnemelpmocehT

γ(α,x ) = Γ(x )−Γ(α,x ).

:)2:21:93,1:21:93]8[(slargetniremheoBehteranoitcnufammagetelpmocniehtotdetaleR

S (x ;α) = t sin (t )dt ,1−α
∞

x
∫

∫
x

∞
α−1 .td)t(soct=)α;x(C

evahewylesicerP

Γ(α,ix ) = C (x ;α) + iS (x ;α) , Γ(α,−ix ) = C (x ;α) − iS (x ;α).

-uclacebyamslargetniremheoBeht,stnemugraxelpmocrofskrowevobadebircsedmhtiroglaehtsA

lated as well.

:sesaClaicepS

The exponential and logarithm integrals are defined as follows:

.___ td
tnl

=)x(il,td___e
t

=)x(iE
−∞

x t

0

x

∫∫
xNote that Ei(x ) = li(e ). These functions are related to the incomplete gamma function by the follow-

:)953.8]3[(snoitauqegni

Ei(x ) = − Γ(0,−x ) , li(x ) = − Γ(0,ln
x
1__ ).

)032.8]3[(slargetnienisocdnaenisehT
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,td____ tsoc
t

−=)x(ic,td____ tnis
t

−=)x(is
x

∞

x

∞

∫∫

)1.332.8]3[(yblargetnilaitnenopxeehtotdetalerera

Ei(ix ) = ci(x ) + i si(x ) , Ei(−ix ) = ci(x ) − i si(x ).

:slargetniremheoBerayehT

ci(x ) = C (x ;0) , si(x ) = S (x ;0).

.desuoslasi)x(is+2/π=)x(iSdna)x(ic=)x(iCnoitatonehT

The error function, or probability integral, and the Fresnel integrals ([3] 8.250) are defined by

.tdtsoc____ 2
π2

=)x(C,tdtnis____ 2
π2

=)x(S,tde___2
π

=)x(Φ=)x(fre ∫ ∫ ∫ 2
x

0

2
x

0

t−
x

0
√ √ √

2

:)652.8]3[(swollofsanoitcnufammagetelpmocniehtotdetalererayehT

Φ(x ) = 1 −
π
1___Γ(

2
1__ ,x ).

√
2

√
√√

√
√

C (x ) + iS (x ) =
2
i___Φ(

i
x___ ) , C (x ) − iS (x ) =

2i
1____Φ(x i ).

:)6:21:93,5:21:93]8[(slargetniremheoBehtotdetalereraslargetnilenserFehT

C (x ;
2
1__ ) = 2π [

2
1__−C ( x )] , S (x ;

2
1__ ) = 2π [

2
1__−S ( x )].√√√√

:)1:0:24]8[(largetnis’noswaDsinoitcnufdetalerA

daw(x ) = e e dt =
2

−i π_____e Φ(ix ) =
2
−i___e [ π − Γ(

2
1__ ,−x )].∫2 2 2 2 2x−x−t

x

0

x− √
√

ybdenfiedsi)7.62elbat]4[(noitubirtsiderauqs-ihcehT

F (x ) =
2 Γ(k /2)

1_________ t e dt.2
kχ k /2

0

x
(k −2)/2 −t /2∫

:noitauqegniwollofehtybnoitcnufammagetelpmocniehtotdetalersinoitubirtsiderauqs-ihcehT

F (x ) = 1 −
Γ(k /2)

Γ(k /2,x /2)__________ .χk
2

We also have as a special case an integral studied by Abramowitz ([4] table 7.6), which we denote

:)x(rba

abr(x ) =
Γ(1/3)

3______ e dt = 1 −
Γ(1/3)

Γ(1/3,x )_________ .∫
0

x
−t

3
3
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