
Valuations and the Nullstellensatz

[from lectures by Maxwell Rosenlicht]

1 Valuations

Definition 1.1 An ordered abelian group is an abelian group Γ with a subset Γ+ such that

(i) Γ+ is closed under addition,

(ii) Γ+

⋂−Γ+ = Ø,

(iii) Γ+

⋃−Γ+

⋃ {0} = Γ.

Proposition 1.1 If Γ is an ordered abelian group, it is linearly ordered with γ1 ≤ γ2 ⇔ γ2 − γ1 6∈ Γ+ for
γ1, γ2 ∈ Γ.

Proposition 1.2 If Γ1 and Γ2 are ordered abelian groups, then so is the direct sum Γ1 ⊕ Γ2 with lexicographic
ordering.

Definition 1.2 If k is a field, a valuation is a homomorphism ν : k∗ →Γ, where Γ is an ordered abelian group
and k∗ = k \ {0} is the multiplicative group of units of k, such that ν(a + b) ≥ min {ν(a), ν(b)} for a, b ∈ k∗ with
a + b ∈ k∗.

Definition 1.3 In the above definition ν(k∗) < Γ is called the value group of ν.

Example 1.1 Let Ω ⊆ C be a domain and z0 ∈ Ω. Let k = M(Ω) be the field of all meromorphic functions on
Ω. For f ∈ k define ν(f) to be the order of f at z0. Then ν : k∗→Z is a valuation.

Example 1.2 Let R be a unique factorization domain and k its field of quotients. If p ∈ R is prime, we can
express each nonzero x ∈ k in the form x = pnab−1, where a, b ∈ R are not divisible by p. Clearly n is unique
and x 7→ n gives a valuation to Z.

Note 1.1 Any nontrivial valuation on Q is as in Example 1.2, for some prime in Z.

Proposition 1.3 Suppose ν : k∗ → Γ is a valuation. If a, b ∈ k∗ and ν(a) 6= ν(b), then a + b ∈ k∗ and
ν(a + b) = min {ν(a), ν(b)}.

Proof: Suppose ν(a) > ν(b). Then ν(a + b) ≥ ν(b) = ν((a + b) − a) ≥ min {ν(a + b), ν(a)} = ν(a + b).

Example 1.3 Suppose Γ is an ordered abelian group and F is a field. Let R be the free F -module generated
by Γ and let i : Γ → R denote the natural inclusion. Define multiplication on R by i(γ1) · i(γ2) = i(γ1 + γ2)
for γ1, γ2 ∈ Γ. This makes R into a domain and suggests the following notation: i(γ) = tγ , where t is an
indeterminate. This way elements of R are polynomials in t. Let k be the field of quotients of R. For x ∈ k let
ν(x) be the degree of x in t. Then ν : k∗→Γ is a valuation.

Proposition 1.4 If k ⊆ K are fields and ν : K∗→Γ is a valuation, then |ν(K∗)/ν(k∗)| ≤ [K : k].

Proof: Suppose A ⊆ ν(K∗) and |A| > [K : k]. For each α ∈ A choose xα ∈ K∗ such that ν(xα) = α. Let
X = {xα: α ∈ A}. Since |X | = |A| > [K : k], X is linearly dependent over k. In other words there exists a

finite set B ⊂ A such that for each α ∈ B there is cα ∈ k∗ with
∑

α∈B

cαxα = 0. By Proposition 1.3, there exist

α 6= β ∈ B such that ν(cαxα) = ν(cβxβ). Then α − β = ν(cα/cβ) ∈ ν(k∗).

Corollary 1.4.1 If [K : k] < ∞, then

(a) ν(k∗) = 0 ⇒ ν(K∗) = 0,

(b) ν(k∗)∼=Z ⇒ ν(K∗)∼=Z,

Proof: Let n = |ν(K∗)/ν(k∗)|. Multiplication by n is a monomorphism ν(K∗) → ν(k∗).

Corollary 1.4.2 Any nontrivial valuation on an algebraic number field (a finite algebraic extension of Q) has
value group∼=Z.



2 Valuation rings

Definition 2.1 If k is a field, a subring R ⊆ k is a valuation ring means x ∈ k∗ ⇒ x ∈ R or x−1 ∈ R.

Proposition 2.1 Valuation rings are local.

Proof: Suppose k is a field and R ⊆ k is a valuation ring. Let M =
{
x ∈ k: x−1 6∈ R

}
. Then M ⊆ R and is

the set of nonunits of R. To show that M is the unique maximal ideal of R it suffices to prove that M is closed
under addition. Let x, y ∈ M . Since R is a valuation ring, xy−1 ∈ R or yx−1 ∈ R. Suppose xy−1 ∈ R. Then
x + y factors in R as x + y = y

(
xy−1 + 1

)
and so is a nonunit of R.

Note 2.1 R \ M < k∗ is the multiplicative group of units of R.

Proposition 2.2 Suppose ν : k∗→Γ is a valuation. Then Rν = {x ∈ k: x = 0 or ν(x) ≥ 0} is a valuation subring
of k with maximal ideal Mν = {x ∈ k: x = 0 or ν(x) > 0}.

Proof: Let x ∈ k∗. Then ν(x) ≥ 0 or ν(x−1) = −ν(x) ≥ 0.

Proposition 2.3 Suppose k is a field and R ⊆ k a valuation subring. Then Γ = k∗/ (R \ M) is an ordered
abelian group with Γ+ = M∗/ (R \ M) and the natural projection k∗ → Γ is a valuation.

Note 2.2 There is a 1-1 correspondence between valuation rings and isomorphism classes of valuations (order
isomorphism classes of value groups).

3 Places

Definition 3.1 Given a field K, define the extended field K = K
⋃
{∞} with algebraic operations partially

extended so that

(i) x ∈ K ⇒ x + ∞ = ∞,

(ii) x ∈ K∗ ⇒ x∞ = ∞,

(iii) ∞∞ = ∞,

(iv) ∞−1 = 0

Definition 3.2 A place is a homomorphism τ : k→K such that K ⊆ τ(k).

Proposition 3.1 Suppose ν : k∗ → Γ is a valuation. Let K = Rν/Mν and define τ : k →K to be the natural
projection on Rν and ∞ on the complement k \ Rν . Then τ is a place.

Proposition 3.2 Suppose τ : k→K is a place. Then τ−1(K) is a valuation subring of k.

Note 3.1 There is a 1-1 correspondence between order isomorphism classes of valuations and places.

Theorem 3.1 Suppose k is a field, R ⊆ k a subring, K an algebraically closed field and τ : R → K a ring
homomorphism. Then τ can be extended to

(a) a ring homomorphism U → K, where R ⊆ U ⊆ k and U is valuation ring,

(b) a place k → K.

Proof: Consider the collection of ring homomorphism extensions of τ to subrings U of k containing R, i.e. let

R = {(U, σ): R ⊆ U ⊆ k, σ : U →K, σ|R = τ} .

Since (R, τ) ∈ R, R 6= Ø. Inclusion of subrings of k gives a partial order on R. Let (U, σ) be a maximal element
of R, whose existence is guaranteed by Zorn’s lemma. Let M = kerσ. Since U/M ⊆ K, M is a prime ideal of U ,
so S = U \ M is closed under multiplication. Localizing at M we obtain U ⊆ UM = S−1U and extend σ to UM

by s−1u 7→ σ(s)−1σ(u) for s ∈ S, u ∈ U . Note that s 6∈ M , so σ(s) 6= 0. Since (U, σ) is maximal in R, U = UM ,
M is the unique maximal ideal of U , and U/M ∼=σ(U) ⊆ K is a field.



To prove that U is a valuation ring let x ∈ k. Let U [x] be the subring of k generated by U and x. Let
U [t] be the free U -algebra on {t}, i.e. the univariate polynomial ring over U , and i : U [t] → U [x] the ring
homomorphism determined by i(t) = x. Let I = ker i. Then U [x] ∼= U [t]/I . Extend σ to σ̃ : U [t]→ σ(U)[t] by

σ̃

(
n∑

i=0

ait
i

)
=

n∑

i=0

σ(ai)t
i. Since σ(U) is a field, σ(U)[t] is a principal ideal domain so σ̃(I) is a principal ideal.

Choose g =
m∑

i=0

cit
i ∈ U [t] such that σ̃(g) generates σ̃(I).

Suppose σ̃(g) is nonconstant or identically zero. Since K is algebraically closed, there exists c ∈ K such that
σ̃(g)(c) = 0. Let ε : K[t]→K be evaluation at c. Then I ⊆ ker (ε ◦ σ̃), so the homomorphism ε ◦ σ̃ : U [t]→K
would give an extension of σ to U [x] → K as illustrated by the following diagram:

I���

��� �
� �

� �
� �

�

k U [t]

��� �
� �

� �
� �

σ̃

	
 ��
��

��
��

ε◦σ̃

�


σ̃(I)
���

��� �
� �

� �
� �

U [x]

��

� �

��

K[t]

ε

��� �
� �

� �
� �

M
� � ��

U

��

� �

σ

��
K

Thus, if x 6∈ U , σ̃(g) is a nonzero constant in K, i.e. c0 ∈ U \ M is a unit in U and ci ∈ M for all 1 ≤ i ≤ m.

Thus, x 6∈ U ⇒ 1 +

m∑

i=1

aix
i = 0, where ai = cic

−1

0 ∈ M . Multiplying by x−m we see that x−1 satisfies a monic

polynomial equation

f
(
x−1

)
=
(
x−1

)m
+

m−1∑

i=0

am−i

(
x−1

)i
= 0.

Applying σ̃ to f(t) we obtain σ̃ (f) = tm.

Corollary 3.2 Suppose k ⊆ K are fields and ν : k∗→Γ is a valuation. Then ν can be extended to a valuation
K∗ → Γ, where Γ < Γ.

Proof: Let Rν ⊆ k be the valuation ring of ν and Mν its unique maximal ideal. Let F be the algebraic closure
of the field Rν/Mν . Extend the natural projection Rν → Rν/Mν ⊆ F to R → R/M , where R is a valuation
subring of K and M is its unique maximal ideal.

4 Integral extensions

Definition 4.1 Suppose R ⊆ R′ are rings that share the multiplicative identity.

(i) An element x ∈ R′ is integral over R means there is a monic polynomial p with coefficients in R such
that p(x) = 0.

(ii) The integral closure of R in R′ is R = {x ∈ R′: x is integral over R}.

(iii) R′ is an integral extension of R when R = R′.

Theorem 4.1 Suppose R is a subring of a field k. Then x ∈ k is integral over R ⇔ x belongs to all valuation
subrings of k containing R.

Corollary 4.2 Integral closure is a ring.

Corollary 4.3 Integral extension is transitive.



5 Hilbert’s Nullstellensatz

Given a set of polynomials I ⊆ k [X1, ..., Xn] and k ⊆ K, we denote the zero set (variety) of I in Kn by

VK(I) = {(a1, ..., an) ∈ Kn: p ∈ I ⇒ p(a1, ..., an) = 0} .

Given V ⊂ Kn, define I(V ) = {f ∈ k [X1, ..., Xn] : V ⊆ V ({f})}. The set I(V ) is a radical ideal.

Proposition 5.1 Suppose k is a field, I ⊆ k [X1, ...Xn] \ {0} is finite, and S ⊆ k is infinite. Then Sn 6⊆ V (I).

Proof: By taking the product of p ∈ I we may assume that I = {p}. Since k [X1, ...Xn] ⊆ k (X1, ...Xn−1) [Xn]
we may assume n = 1. Now the result is clear since a polynomial has only finitely many zeros.

Lemma 5.1 If I ⊂ k [X1, ...Xn] is an ideal and k ⊆ K with K algebraically closed, then VK(I) 6= Ø.

Proof: Since I ⊆ J ⇒ V (I) ⊇ V (J), we may assume that I is maximal. Then h = k [x1, ..., xn] =
k [X1, ..., Xn] /I is a field extension of k. Let {y1, .., yr} be a transcendence basis for h over k. Choose
fi ∈ k (yi) [Xi] \ {0} such that fi(xi) = 0. Let Fi ∈ k [yi] be the top coefficient of fi and choose (c1, ..., cn) ∈
Kn \V ({Fi}). Extend the k-algebra homomorphism k [yi] → K taking yi to ci to a place τ : h→K

⋃ {∞}. Then
τ(xi) 6= ∞.

Theorem 5.2 If I is an ideal of k [X1, ...Xn], then I(V (I)) =
√

I .
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