Interpolant splines in 1-d
Local polynomial bases

Linear
ho(t)=1—1t, hi(t) =t.
By(t) = —1, Bi(t) = 1.

1 1
Ho(t) =t — =t?, Hy(t) = §t2.

2
1 1
AHy ==, AH ==.
2 2

Cubic
hoo(t) =1 =3t + 263, ho1(t) = 31> — 23, hyo(t) =t — 26> + 13, hyy(t) = —t* + 12
bo(t) = =6t + 612, h{,(t) =6t — 6t2, hio(t) =1 —4t +3t2, Ry (t) = =2t + 3t%
hio(t) = =6+ 12t, hg,(t) =6 —12t, hiy(t) = —4+6t, hi,(t) = -2+ 6t.
hgo(o) = —6, hgo(l) = 6, hgl(o) = 6, hgl(l) =—6,, hlllo(o) =4, h/1/0(1) =2, hllll(o) = -2 h/1I1

1 1 1 2 1 1 1
Hoo(t) =t — 3+ =t*, Ho(t) =t — =t*, Hio(t) = =t> — =3+ =t*, Hu(t) = —=t2 + =t*.
oo(t) +2 ; 01(t) 5t 10(%) 5 3 +4 ; 11(¢) 3 +4
1 1 1 1
AHyp=~-, AHyy=-, AHjg=—, AH;;1=-——.
00 27 01 27 10 127 11 12
Quintic

qoo(t) = 1 — 1083 + 15t* — 6t°,  qo1(t) = 10t> — 15¢* + 615, qio(t) =t — 61> + 8t* — 315,
qui(t) = —4t3 +7t1 = 3t°,  qoo(t) = 0.5t% — 1.5¢3 + 1.5t* — 0.5t5, g1 (t) = 0.5¢3 — t* + 0.5¢°.

Qoo (t) = —30t% +60t3 — 30t1, g, (1) = 30t — 60> 4 30t*,  q},(t) = 1 — 18t% + 32t3 — 15¢%,

gy (t) = —126% +28¢3 — 15t%, by (t) = t — 4.56% + 613 — 2.5¢%,  ¢hy(t) = 1.5¢% — 4¢3 + 2.5¢%,

Qoo (t) = —60t + 180t — 120t3, ¢ (t) = 60t — 180t% + 120t%, ¢}, () = —36t + 96t — 60t>,

gl (t) = =24t + 8417 — 601>,  qhy(t) = 1 — 9t + 18t — 10t°, ¢4y (t) = 3t — 12* + 10¢°.

qo(t) = —60 + 360t — 360t2, g (t) = 60 — 360t + 360t, ¢4 (t) = —36 + 192t — 180¢2,

g1 (t) = —24 + 168t — 180t2, ght(t) = =9+ 36t — 30t%, ¢bi(t) = 3 — 24t + 30¢>,

71(0) = =24, ¢11(1) = =36, q50(0) = =9, g50(1) = =3, 21(0) =3, ¢51(1) =9

QU (t) =360 — 720t, gl (t) = —360+ T720t, ¢l (t) = 192 — 360t

¢ (t) = 168 — 360t, qil/(t) =36 — 60t, gy (t) = —24 + 6OL.

206 (0) =360, qpy (1) = =360, ¢(y'(0) =—360, qpy (1) =360, ¢J0)=192, ¢{(1)=-168,

7 (0) =168, ¢i7'(1) = =192, ¢59(0) = 36, 50 (1) = =24, q57(0) = =24, ¢57(1) = 36.



Grid and local coordinates

n nodes: to, tl, ...tn,1

t—t; 1

Aty =t; —ti1, 7i(t) = At; i=1.n-1
1 dt
T; AL T, At T,

Interpolating functions

Linear
@) =ho(m)xic1 + ha(m)zs, 7o =7(t), t€E [ti—1,ti]

1 1
f'(#t) = [ho(i)wi—1 + B4 (Ti)xi]A—ti = [zi — fCi—l]A—ti
F(t) dt = [Ho(Ti)ZCi—l + Hy (Ti)xi] At; +C
t;
tw 1
/ f HO(Tz):Ez 1 + Hl (Tz)xz] Atz
Cubic

f(t) = hoo(i)xi—1 + ho1(7i)xi + [hio(75)di—1 + hi1(7)d;] At;

f1(t) = [hoo (i) i1 + hoy (1)) m— + Rig(Ti)di—1 + by (7i)ds

1
At;

1
A2 At;

F(t)dt = [Hoo(7:)wi—1 + Ho1(:)x:) Aty + [Hio(13)di—1 + Hyi(1:)di] At + C

() = [hgo(Tl)xz 1+ h01 (7i)z:] [hlllo(Tl)dz 1+ 0y (7i)di]

/ f AH()O,IZ 1+ AHOl.TEZ] At + [AHlodz 1+ AHlld ] Atz

ti—

f( ) = [HOO(Ti)CCifl + HOl(Ti)CCZ'] Atz + [HIO(Ti)difl =+ Hll(Ti)di] Atg

ti—1
Quintic

f(@) = qoo(Ti)Tiz1 + qor(m)xi + [qro(Ti)di—1 + qu1 (1) di] Ati + [g20(7)Si—1 + g21(7i) 4] At?

1
F'() = lqoo (i) wim1 + g0y (i) ] At Qro(Ti)di—1 + qy1 (76)dis + [g50(Ti)si—1 + ¢o1 (13)si] At;

1 1
() = laoo(Ti)wi1 + qpy (73) 4] NCE [@10(7i)di—1 + g1 (7:)ds] N Qo0 (Ti)si—1 + g5y (7i)si

1 1 1
770 = Iy )i+ o)) g+ L) + o)) g+ ()i + afi () si)

1 1 1
fml(t) [qé’é’(n)xl 1+ ‘1(/)/{/(7'1)551] At + [qlll(l)/(Ti)dz 1+ qllql(Tl)di] AL + [qé’é’(n)sz 1+ q/2/{/(7'1>51] A2



Matrix assembly for splining
Cubic

1 1
f(ti-) = Thoo (i + by (V] 7 + [Mo(1)dia + k11 (1)ds] AL
1 1
f(tiv) = [hoo(0); + hoy (0)2i41] N [h1o(0)di + hY1(0)dit1] AL
i+1 i+1
f"tin) = f"(tis) = aiiv1digr + aiidi + azi—adio1 = by, i=1,..,n—2
LR WO K B
1,5+ AtiJrl ’ 1,1 Ati+1 Atz ) 1,1— Atl
O T X B AC S RC
AR T AT A T AR T
Quintic
1 1 1
F7(tir) = [a06(0)2i + q01 (0)@i41] g T [¢15(0)d; + 11 (0)di+1] N I [g56(0)si + @57 (0)s;41] AL
i+1 i+1 i+1
1 1
f7 (i) = lagp(D)wi—1 + oy (1)4] NG (@10 (1) di—1 + ¢/1(1)di] gt [q50(1)si—1 + qa1(1)s] AL
1 1 1
£ ) = a3y OV + a3 On] g+ a8 O+ i (0)di] s+ a5 (0)5c + a8 (O)sia] o
i+1 i+1 i+1
1 1 1
F7(04) = T ()i + g (D] o+ [0 ()dics + a7 ()] g + 0 (D51 + 0 ()5] g
") = f"(tin), [ (tiy) = 7 (tin) =
@i p1dip1 + i id; + agi—1di—1 + Qi pyib18i41 T Qi ntiSi T Ginti-18i—1 = b;, i=1,...,n—2
Antiit1dipt + Anaiidi + Qi i—1di—1 + Qngi ntit18i+1 + OngintiSi + Onginti—15-1 = bnys, t=1,...,n—2
O ) i) )
M AE, WTAE, AT T A
L) w0 0
7,n+i+ Ati+1 ) 7,n—+1 Ati+1 Atl ) 7,n+1— Atl
" " " "
L _%1(0) ) _QOO(O) o1 (1) ) q00(1) )
LV A I R v I v B
B (0 N0 W CCC N1
n+1,t+ At12+1 ) n+1,t At12+1 At? ) n—+1,t— Atf
) w0 e’ o g (D)
n+i,n+i+1 Ati+1 ) n+i,n+1 Ati+1 Atz ) n+i,n+i—1 Atl
01 (0) q00 (0) | qo1' (1) 00 (1)
bpyi = —3—Ti ———=— | T i
HETAE T T A T A [T A T
Sizdn+i, i=0,...,n—1




Computing cubic Hermite interpolant splines by iteration

First we find derivatives at the interior nodes using

A,TiAtz, +Al’i_1At2 Awi A.’L‘i_1
7 = L S =a—+b
¢ AtiflAti (Ati,1 + Atz) Atz Ati,1
where
At;_q At;
a = =
At;_1 + Aty At;_1 + Aty
Now we re-compute the derivatives using
I/ —A § AIi,1 AIl -~ 1 .T;_l ‘T;-i-l
! 2\ A2, A2 2\ At Ay
where
A — 1 B Ati_l Ati
1 T _ )
At + At Atz + Atzfl
In other words
A.’L‘i_l + A.”L‘l + ’ + /
T, = rT, ST,
1 pAti,1 thz 1—1 1+1
where
3 At; 3 At 1 At;
e e p—=——_-_ ="
P=oat vt 1T AL AL 2 Aty + At
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