
Newton’s and Ritt’s polygons
[from notes by Maxwell Rosenlicht]

Let k be an algebraically closed field and F (t, y) ∈ k [[t, y]] such that F (0, 0) = 0, F (0, y) 6= 0. We want to
show the existence of y(t) ∈

⋃∞
ν=1

k
[[

t1/ν
]]

such that y(0) = 0 and F (t, y(t)) = 0.
Write F (t, y) =

∑

i,j≥0
aij t

iyj , each aij ∈ k. Then a00 = 0 and there exists an r > 0 such that a0r 6= 0. If y(t)
is as above, y(t) = ctu + ..., with u ∈ Q, u > 0, c ∈ k, c 6= 0, then if γ = minaij 6=0 ci+uj, we have γ ≤ i+uj for all
i, j such that aij 6= 0, γ = i+uj for at least two (i, j) such that aij 6= 0, say i1 +uj1 = i2 +uj2, (i1, j1) 6= (i2, j2),
ai1j1 , ai2j2 6= 0, or u = (i2 − i1)/(j1 − j2). Thus, u is the negative inverse of the slope of one of the edges of
the lower part of the convex hull of the points {(i, j)}aij 6=0. Note that if there is no point on the x axis, i.e. all
a... = 0, i. e. F (t, 0) = 0, we can take y(t) = 0.

Now suppose that F (t, 0) 6= 0 and pick u > 0 such that γ = i + uj for at least two (i, j) such that aij 6= 0.
Let ϕ(t, y) =

∑

i+uj=γ aijt
iyj . The degree of ϕ(1, y) ≤ r and there exists c ∈ k, c 6= 0 such that ϕ(1, c) = 0.

If c is a zero of ϕ(1, y) of multiplicity q, then q ≥ 1 and ϕ(1, y) = (y − c)qψ(y), where ψ(y) ∈ k [y] has degree
∂ 0ϕ(y) − q + ψ(c) 6= 0. Set y = tu(c + u); we will want to find u(t) ∈

⋃∞
ν=1

k
[[

t1/ν
]]

such that u(0) = 0 and
y(t) = tu(c+ u(t)) is such that F (t, y(t)) = 0. Now

F (t, y) = F (t, tu(c+ u)) =
∑

i+uj=γ

aij t
i[tu(c+ u)]j +

∑

i+uj>γ

aij t
i[tu(c+ u)]j =

= tγ [ϕ(1, c+ u) +
∑

i+uj>γ

ti+uj−γaij(c+ u)j ] = tγF1(t
1/Υ, u),

where Υ is the denominator of u and F1(t
1/Υ, u) = uqψ(c+ u) + t1/Υ · Φ, where Φ ∈ k

[

t1/Υ, u
]

.

Finding y(t) reduces to finding u(t) such that F1(t
1/Υ, u) = 0. Note that F1(0, 0) = 0, F1(0, u) = uqψ(c+ u)

and γ > 0 is a multiple of 1/Υ. Thus, we have the same kind of problem as before with r replaced by q ≤ r.
Suppose we apply this process repeatedly, to reduce r to a minimum. Then q = r = ∂ 0ϕ(1, y) and ϕ(1, y) =
(y − c)rψ, where ψ ∈ k, ψ 6= 0(ψ = ψ(y)). Since ψ(1, y) ∈ k(y − c) has terms in 1, y, y2, ..., yr, the j’s for which
there is an i such that aij 6= 0 and i + uj = γ include 0, 1, ..., r and therefore Υ = 1, i.e. F1(t

1/Υ, u) ∈ k [t, u].
Thus after r reaches its minimum, no more fractional powers are introduced and, therefore, we can find our y(t)
by continuing indefinitely. If we get to the point where r = 1, then ∂F/∂y(0, 0) 6= 0, so we can invert our series
to get directly y(t) ∈ k [[t]].

If, always, r remains < 1, then taking above ψ(y) = 1, we have F (t, y) = (y − ctu)r + Ψ, where Ψ ∈ k [[t, y]]
consists of terms of order > ru. If y(t) ∼ c1t

u1 + c2t
u2 + ..., then

F (t, y) = (y − c1t
u
1 )r + Ψ1 = (y − c1t

u
1 − c2t

u
2 )r + Ψ2 = ...,

where Ψj ∈ k [[t, y]] consists of terms of order > ruj and u1 < u2 < ..., each ui ∈ Z. Thus, we get (y −
∑∞

i=1
cit

ui)r |F (t, y), so F and ∂F/∂y have a common zero, which could have been excluded from the beginning.
Note that by multiplying F (t, y) at the beginning by a suitable unit in k [[t, y]], we could have got F (t, y) =
∑r

j=0
σjy

j , where σj ∈ k [[t]] and σr ∈ k, σr 6= 0.
In the Ritt polygon process [Ritt DA, pp. 57–62] we have the same sort of set-up, with F this time ∈

k [[t, y, y′, ...]], topologized by powers of the ideal (t, y1, y2, ...) with k a differentially closed field; t, y1, y2, ...
differentially independent; t′ = 0, y′i = yi+1 for all i ≥ 0 (i. e. t is a transcendental constant over k{y}). Here
we write F =

∑

atiΠ(yk), where a ∈ k and Π(yk) is a power product of the yk, so j is the total y-degree. Ritt
makes special choices of u (i. e. edge of polygon) and of the zero c of the differential polynomial ϕ(1, y) (which
may or may not be necessary) to make the process go through (it does!). Note that the same holds for partial

differential fields.
Let k be a differentially closed partial differential field, t a transcendental constant over k, y a differential

indeterminate over k(t) and F (t, y) ∈ k [[t, y, y′, ...]] topologized by powers of the ideal (t, y1, y2, ...) such that
F (0, 0) = 0, F (0, y) 6= 0. We want to show the existence of y(t) ∈

⋃∞
ν=1

k
[[

t1/ν
]]

such that y(0) = 0 and
F (t, y(t)) = 0.

Write F (t, y) =
∑

i,j≥0
tiAij(y), where Aij(y) ∈ k {y} is a form of homogeneous degree j in y and its various

derivatives. Then A00 = 0 and there exists an r > 0 such that A0r 6= 0. If all Ai0 = 0, then F (t, 0) = 0 and we
can take y(t) = 0, so suppose not all Ai0 = 0. Then we can consider the lower part of the convex hull of the
points {(i, j)}Aij 6=0 to get a u > 0 and γ > 0 such that γ = i+ uj if Aij 6= 0, with equality for at least two (i, j),
say (i1, j1), (i2, j2). Note that γ ≤ uγ and j1, j2 ≤ r. Let ϕ(t, y) =

∑

i+uj=γ t
iAij(y). The degree of ϕ(1, y) ≤ r

and there exists c ∈ k, c 6= 0 such that ϕ(1, c) = 0.
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