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1. What hypotheses on m and n are needed to ensure that Zymn =2 Zm $ %, 7 Show by example
that if the hypotheses are not satisfied, then the conclusion fails to hold. Explain why
yvour example works.
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2. Exhibit a nontrivial proper subgroup of the symmetric group S, that is normal. Same
for not normal. Prove vour assertions.
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3. Let R be the ring of continuous functions B — R with the usual pointwise subtraction
and multiplication. Which elements of I are units? Are there nonzero zero divisors in R7
Let A= {f € R: f(0) =0}. Prove that A is an ideal of R. Is A a prime ideal? Maximal?
Prove your assertions.
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Let phi be the evaluation (at 0) map from R -> R. In other words given f(x) in R,
phi(f)=f(0). Show that phi is a ring hom. Then show that phi is onto and ker phi = A.
Apply the 1st isomorphism theorem to deduce that R/A is isomorphic to R. Since R/IAis a
field, A is maximal.

K\‘l’orn-?\‘&, ', The pedestrian technique is slightly more tricky here, because we are dealing with just
continuous functions, so don't have polynomial structure (coefficients, etc.) to rely upon.
Pick an ideal A’ strictly bigger than A and pick f in A\A. Then f(0) neg 0. Since f may have
other zeros besides x=0, consider instead for example h(x)=f(x)"2+|x|. Since f(x)"2 is in
A’ and |x] is in A, h(x) is in A", but it is clearly strictly positive everywhere, so has no zeros,
so is a unit in R. Done.



4. Prove that z° + 1 is an irreducible polynomial in R[z]. Prove that the factor ring
Riz]/(z* + 1) is a field,
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