Final exam / 2010.12.10 / MAT 3233.001 / Modermn Algebra
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2. Use Euclid’s algorithm to find (48, 22) and s,t € Z such that (48, 22) = 48s + 22¢.
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3. Compute 32! modulo 9 hv repeated squaring and reduction. Show work.,
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4. Suppose R is a commutative ring (with unity) and let I7 be the set of all units in R.

(a) Prove that U is a multiplicative group.
(b) Prove that U/ cannot contain zero divisors.
(¢) Describe U for the ring Z,, and the polynomial ring R]z].

) A‘§WQILV'AD -s(' W\WQ“\"P\.)‘Q&‘{K . fn\\U\C\’J‘P'W R

T L L
Closare wnder maltiloko: W a,b € U, Ja b as'zbbz),
Cloyre wmder mu Lylicobion

Se &\)le‘: al'\c\,‘:—au\,'.:\ , = ab € U.

N - _ -\
lamre tndler tavetses: |10 2 ¢ WU qa,\cqlmz\,h & ¢U.

)

o

E\ Su.“w;e (!éM,) &o(:'K A‘():O. frk.!m 0"0\52\910 o
0 \+ R=72,., h=¢ 4 € 2p” (Je,m)=17
Wb R=R(x), U= Spoae IR (%] * F(x) = WSWEevo amd-m{-,s



5. Partition Uy into cosets of (13). [ > m:=17; H:=[seq(13"k mod m,k=1..4)];
m:=17
L H:=[13.16,4,1]
> K:=x->map (y->x*y mod m,H): K(2); K(3); K(6);
zH= [9.15.8.2]
aH=~ [51412.3]

I CH = [10,11.7.6]
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fi. Consider the set permutations on n elements {1,2,.n} (with n > 2) that keep the
element 1 fixed: H = {o € S;: a(1) = 1}. Prove that H is a subgroup of S, and express
the set of permutations that take 1 to 2: K = {o £ S,: a(1) =2} as a coset of H.
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7. Prove that among the residues modulo m it is exactly those that are coprime to m that
are units in the ring 7,,.
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8. Find the solution set for the system of congruences
Sr = 2mod 48

Tr = 22mod 30
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8. Exhibit (with proof) a surjective group homomorphism from the general linear group
of invertible linear operators on the real plane under composition (or equivalently, 2x 2
nonsingular matrices with real coefficients under matrix multiplication) GL,(R) to the
multiplicative group of nonzero real numbers I*. What is this homomorphism's kernel?
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