Midterm 1/ 2023.10.5 / MAT 3013.002 / Foundations of Mathematics

1. If p and ¢ are propositions, the contrapositive tautology is that the proposition
p = q is equivalent to ~q = ~p. Use a truth table to prove this.

f(p,g):=[p,q,not p or g,not g, not p,not(not g)or not pJ;

s:[f(p.q)]s

range:[true,false]$ (W rna i ke a »

for p in range

do for g in range

do s:append(s,[f(p.g)])$

apply(matrix,s); q ~q = ~p

f(p.q):=lp.q.mpV q.~q.~p,~=q V —pl
p q —~pVg —~q -—-p qV~-p

true true true false false true

true false false true false false

false true true false true true

false false true true true true

2. If A and B are sets, prove that AU B = A if and only if B C A
<& Swppose BcA
O A CAUR (ifxe A, xeauRB )
C ‘bt xe AUB . Ifve A, done.
|+ 2¢B then sinee B €A, ke A &

= Suppore AUR=A. Jet x€ B . Thea X¢AUTG, 50 x¢ A O

3. Construct an explicit counterexample using finite sets to the (false) proposition

that for any sets A and B we have (AU B) = 2(A) U 2(B)
et A={17, B={23 200 AUB =41,2%.

Thew AUR € AuB , > AUB ¢ P(AUR)  Lut

AUB A so AUKC‘f/ PA) and AUR ¢I§, o AUGE &),
Se AUR ¢ (A v &(B)

Note: 9“"}105-& AcCrR . Them AvDld = (5.
Also @AYy ¢ P (R) so @A) U PR) = )= B(AUR)



4. Suppose A, B, C' are sets. Prove that A x (BUC) = (Ax B)U (A x ()

e

A

[xyJe Ax(BYSC) 8
< xeA N ye BUC <

F x €A A(‘géGV‘aec—)

e (ke A A ye B)v (xeA Aye )
&> [V €A ] V [xyie A*C
&> [yl e (A=BYU(A=C) U

5. For each n € N let A, C R be the interval A, = (0, %] Find N{A,: n € N}.
Prove your assertion.
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