Midterm 2 / 2023.3.31 / MAT 3013.001 / Foundations of Mathematics

1. Let x, be the sequence of integers recursively defined by

Ty = 0
xr = -9
T, =Tx,_; —6x, o forn >1

Prove by induction on n that x, =1 — 6" foralln > 0
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2. For each natural number n > 0 let A,, be the interval (—%, 0)
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(a) Find the union U A,, and the intersection m A, of this family of sets.
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3. Define a relation S on the real line R by aSb < a — b is an integer multiple of 27

(a) Prove that S is an equivalence relation.
(b) Describe the equivalence classes.

(¢) Extra credit: Explain why the quotient set R/S (the set of all equivalence
classes) is in one-to-one correspondence with the unit circle.
(a) Rellencive : Lf a(K, Q—Q:-‘O:O-ZT, soala O
Spmmebvic t (£ a,beiR aSL Jae 2 e-bz2nw.
Tha b= - (&Y= -2nT = 2¢-7)TT, s0 bSa

I

ramnbive: 1L 2 §b A bdc, Jum,ne¢Z G-bedun A b-t=luz

Thew @-¢z a-5+5-Cc 2T +2247T = 2@+ )T, So a Se O
——

i\
NN

(L) [4] :{56\&!63&1:{@6[&: £nE 5"4=2n'ﬂ'3:
C{LeR: Fne 2 boaraem)s

:{a—!—Lnﬁ :n € —747: {__.Iq_zﬂ,ﬁ,au—Z_T(,a-f—q—’ﬂ/.._z

() Two aw\a}p; T\L Ha Sowme  poiuk
A e «alt qvrle &3 {’\«3 dofter

Lua e fvx.b-a&r mlHPl.t o 27

o= 2°%

> it
X (ty = cons t
<3<c3=;ocit %—’ Cxigd



4. For each of the following relations S on R, determine whether S is reflexive, whether
S is symmetric, and whether S is transitive. Explain.

(a) aSb< ab =1
(b) aSb < ab =0
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