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The present note considers the velocity field in a thin lamina of variable
thickness generated by singularities as applied to the problem of flow past a
cascade of blades of a radial-axial hydroturbine.

I. In the x, y plane consider a thin lamina of thickness h = h(y) satisfy-
ing the following conditions: d ln h/dy is continuous and does not change sign,
lim y→∞ h = h(∞) and lim y→−∞ h = h(−∞), where 0 < h(∞) < h(−∞) < ∞.
Let us place an infinite sequence of sources Qh(0) along the x-axis with period
t (h(0) is the thickness of the lamina at y = 0). If we neglect the change in all
quantities with respect to z at each point (x, y) and assume that ∂Φs/∂z = 0,
where Φs is the velocity potential, then the differential equation for the potential
due to such a sequence of sources is [ 1 ]

∂2Φs
∂x2

+
d ln h
dy

∂Φs
∂y

+
∂2Φs
∂y2

= Qδ(y)
∞∑

n=−∞
δ(x− nt), (1)

where δ(y) and δ(x− nt) are Dirac delta-functions.
In [ 1 ] it is proposed to find the solution of equation (1) in the form of

a Fourier series, whose coefficients are determined from a system of ordinary
differential equations with boundary conditions

[h
∂Φs
∂y

]y=∞ = −[h
∂Φs
∂y

]y=−∞ =
1
2t
Qh(0). (2)

Let us show that besides the flow from the sequence of sources, the solution
obtained for boundary conditions (2) will have a uniform flow

vu = Qh(0)

h(−∞) − h(∞)

2ht[h(−∞) + h(∞)]
,
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i. e. the boundary conditions for solving equation (1) are

[
∂Φs
∂y

]y=∞ = −[
∂Φs
∂y

]y=−∞ =
Qh(0)

t[h(−∞) + h(∞)]
, (3)

II. Let us write the equation for the potential due a concentrated source at
the origin (0, 0):

∂2Φo
∂x2

+
d lnh
dy

∂Φo
∂y

+
∂2Φo
∂y2

= Qδ(x)δ(y). (4)

We can decompose Φo = Φo0 +φ′o+φ′′o , into Φo0 — potential of flow in a lamina
of constant thickness and φo = φ′o + φ′′o — potential of additional flow caused
by the variability of thickness of the lamina. We have

∂2Φo0
∂x2

+
∂2Φo0
∂y2

= Qδ(x)δ(y),

∂2φ′o
∂x2

+
∂2φ′o
∂y2

= −d lnh
dy

∂Φo0
∂y

,

∂2φ′′o
∂x2

+
∂2φ′′o
∂y2

= −d lnh
dy

∂φo
∂y

; (5)

with boundary conditions ∇φ′o|r=∞ = 0;∇φ′′o |r=∞ = 0, where r =
√
x2 + y2,

because h(±∞) 6= 0.
With the aid of a Green’s function we find the solution with φ′o satisfying

the imposed boundary conditions:

φ′o = − Q

8π2

∫∫
[−∞,∞;−∞,∞]

d lnh(η)
dη

η

ξ2 + η2
ln[(ξ − x)2 + (η − y)2]dξdη. (6)

The region of integration for the double integral in this and subsequent formulas
is the (x, y) plane.

It is easy to show that

∂φ′o
∂y

= − Q

8π
d lnh
dy

ln
[

x2 + y2

x2 + (y + a)2

]
+ f(x, y), (7)

where f(x, y) is bounded everywhere and f(x, y) → 0 as r → ∞.
Thus we can write the solution of equation (5) in the form of an integral

equation

φ′′o (x, y) = − 1
4π

∫∫
[−∞,∞;−∞,∞]

d lnh(η)
dη

∂φo(ξ, η)
∂η

×

× ln[(ξ − x)2 + (η − y)2]dξdη. (8)

With the method of iterations let us show that for laminae with h−∞/h∞ <
e2 there exists a solution of equation (8) bounded in the entire plane and tending
to zero as r → ∞.
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Successive approximations are determined in the following way:

∂φ′′oi
(x, y)
∂y

=
1
2π

∫∫
[−∞,∞;−∞,∞]

d lnh(η)
dη

×

×
[
∂φ′o(ξ, η)

∂η
+
∂φ′′o(i−1)

(ξ, η)

∂η

]
(η − y)

(ξ − x)2 + (η − y)2
dξdη, (9)

where ∂φ′′o0/∂y = 0. From the equations (7) and (9) it follows that ∂φ′′oi
/∂y are

everywhere bounded and lim r→∞ ∂φ′′oi
/∂y = 0, since lim r→∞ ∂φ′o/∂y = 0,

Let us prove the convergence of the iterative process. Writing the equa-
tion (8) in operator form we get t = A(t), where t = ∂φ′′o/∂y. Consider
the metric space of all approximations ti (i = 1, 2, . . . ,∞) with the norm
ρ(tj , tk) = max |tj − tk|. Then

ρ(A(tj , A(tk)) = max

∣∣∣∣∣ 1
2π

∫∫
[−∞,∞;−∞,∞]

(tj − tk)
d ln h(η)
dη

×

× (η − y)
(ξ − x)2 + (η − y)2

dξdη

∣∣∣∣ ,
i. e.

ρ(A(tj , A(tk)) ≤ 1
2
ρ(tj , tk)

∣∣∣∣
∫ ∞

−∞

d ln h(η)
dη

ydη

∣∣∣∣ ,
since ∫ ∞

−∞

(η − y)
(ξ − x)2 + (η − y)2

dξ ≤ π,

or, finally,

ρ(A(tj , A(tk)) ≤ 1
2

ln
h(−∞)

h(∞)
ρ(tj , tk).

By the principle of contraction mappings [ 2 ] the iterative process converges,
if h(−∞)/h(∞) < e2. That means that the solution (8) is a solution to (5) with
the boundary conditions ∇φ′′o |r→∞ = 0, since lim r→∞ ∂φ′′o/∂x = 0.

III. Now we obtain the boundary conditions for the flow due to an infinite
sequence of sources satisfying (1), by summing the velocities due to the concen-
trated sources of this sequence and taking the limit of the sum as y → ±∞.
Here is a partial sum

sm =
m∑

n=−m

∂φon

∂y
=

1
2π

m∑
n=−m

∫∫
[−∞,∞;−∞,∞]

d lnh(η)
dη

∂Φo(ξ − nt, η)
∂η

×

× (η − y)
(ξ − x)2 + (η − y)2

dξdη

or, if we change variables ξn = ξ − nt and denote ξn by ζ,

sm =
1
2π

[
m∑

n=−m

∫∫
[−M,M ;−N,N ]

d lnh(η)
dη

∂Φo(ζ, η)
∂η

×
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× (η − y)
(ζ + nt− x)2 + (η − y)2

dζdη +R

]
.

Since lim r→∞ ∂Φo/∂η = 0, it can be shown that R = R(x, y,m,M,N) <
ε(M,N), where ε(M,N) → 0 as M → ∞ and N → ∞ uniformly with respect
to x, y and m for |x| ≤ t/2, N < |y| < ∞ and 0 < m < ∞. If we let m tend to
infinity and apply the theorem on integration of a uniformly convergent series,
we get

∂φs
∂y

=
1
2π

[∫ N

−N
dη

∫ M

−M

d lnh(η)
dη

∂Φo(ζ, η)
∂η

×

× sinh 2π
t (η − y)

cosh 2π
t (η − y) − cos 2π

t (ζ − x)
dζ +R

]
,

or, finally,

lim
y→∞

∂φs
∂y

= − lim
y→−∞

∂φs
∂y

= − 1
2t

∫∫
[−∞,∞;−∞,∞]

d ln h(η)
dη

∂Φo(ζ, η)
∂η

dζdη.

Now taking into account that

[
∂Φs0
∂y

]y=∞ = −[
∂Φs0
∂y

]y=−∞,

we obtain the conditions (3).
IV. In order to obtain a solution of the equation(1) in closed form, let us

apply the Fourier transform with infinite limits to the equation

∂2φ

∂x2
+
∂2φ

∂y2
= −d lnh

dy

[
∂Φ0

∂y
+
∂φ

∂y

]
, (10)

where Φ = Φ0 + φ is the potential of a source and a sink located at the points
(0, 0) and (x0, 0) respectively. The introduction of a sink is necessary, because
the Fourier transform with infinite limits cannot be applied to a source alone,
since its potential |Φo| → ∞ as r → ∞. Having solved equation (10) we let
x0 tend to infinity and obtain an expression for ∂Φo/∂x and ∂Φo/∂y. Then we
obtain ∂Φs/∂x and ∂Φs/∂y by summing.

Transformed equation (10)

d2φ

dy2
+
d lnh
dy

dφ

dy
− ζ2φ =

Q

2
√

2π
[eiζx0 − 1]

d lnh
dy

y
e−|ζy|

|y|

with boundary conditions φ|y=±∞ = 0 cannot be solved by quadratures for
laminae occurring in practice. Therefore, we will solve the equation (10) with
the method of successive approximations (6) and (9) applying each time the
Fourier transform. As shown above, the iterative process converges for laminae
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with h(−∞)/h(∞) < e2 (this condition is satisfied by laminae of a flow in a
radial-axial hydroturbine). We can find φ′ from the equation

∂2φ′

∂x2
+
∂2φ′

∂y2
= −d lnh

dy

∂Φ0

∂y
,

by taking the Fourier transform. Letting x0 go to infinity we obtain ∂φ′
o

∂x and
∂φ′

o

∂y , and then ∂φ′
s

∂x and ∂φ′
s

∂y .
To solve equation (10) we assumed the following approximation for the thick-

ness of the lamina respectively for y ≥ 0 and y ≤ 0:

lnh(+) = lnh(∞) +
l1∑
k=1

Ake
−Bky,

lnh(−) = lnh(−∞) +
l2∑
k=1

Cke
−Dky,

where Bk > 0, Dk > 0. Note that lnh(+)
0 = lnh(−)

0 and d lnh(+)(0)/dy =
d lnh(−)(0)/dy.

We show the formula for ∂φ′s/∂y for y ≥ 0:

∂φ′s
∂y

=
Q

4t

[
ln
(
h(0)

h

)
sinh 2π

t y

cosh 2π
t y − cos 2π

t x
+

+
l1∑
k=1

m∑
n=1

αnAke
−Bky

sinh 2π
t (y + 2βn

Bk
)

cosh 2π
t (y + 2βn

Bk
) − cos 2π

t x
+

+
l2∑
k=1

m∑
n=1

αnCk
sinh 2π

t (y + 2βn

Dk
)

cosh 2π
t (y + 2βn

Dk
) − cos 2π

t x
+

+
t

π

l1∑
k=1

m∑
n=1

αnAkBke
−Bky ln

(
cosh 2π

t y − cos 2π
t x

cosh 2π
t (y + 2βn

Bk
) − cos 2π

t x

)]
, (11)

where α1, α2, . . . , αm and β1, β2, . . . , βm are determined from the expansion

1
1 + x

=
1
x
−

m∑
n=1

1
x
αne

−βnx for x ≥ 0.

From equation (11) it can be seen that

[
∂φ′s
∂y

]y=∞ = [
∂φ′s
∂y

]y=−∞ =
Q

2t
ln

(
h(0)√

h(∞)h(−∞)

)
.

The final solution for the potential due to a concentrated source can be
written in the form

Φo = Φo0 + φ′o + φ′′o1 +
∞∑
j=2

∆φ′′oj
,
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where ∆φ′′oj
for j > 2 are determined from the equations

∂2∆φ′′oj

∂x2
+
∂2∆φ′′oj

∂y2
= −d lnh

dy

∂φ′′o(j−1)

∂y
.

V. Analogous formulas for vortices can be obtained from the equation

∂2ψv
∂x2

− d lnh
dy

∂ψv
∂y

+
∂2ψv
∂y2

= Γδ(x)δ(y). (12)

Since VxΓ = 1
h
∂ψv

∂y , the conditions at infinity will be [hVxΓ ]y=∞ = −[hVxΓ ]y=−∞.
VI. For laminae with h = h1(x)h2(y) the solution can be obtained as a

sum of three solutions Φo = Φo0 + φox1
+ φoy2

, where Φo0 is the potential of
the problem of a lamina of constant thickness and φox1

and φoy2
are additional

potentials caused by the variability of thickness along the x and y axes. Clearly,
according to a theorem of Farr and Keen [ 3 ], the above calculations can be
applied to to all laminae that can be conformally mapped to the considered
cases.

The authors express gratitude to Yu. I. Grosberg and I. A. Brin, who were
of great help in doing this work.
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