Energy, entropy and uniqueness

Wave equation in one spatial dimension: uy = c?ug,
Boundary conditions: u(0,t) = u(L,t) =0
Initial conditions: u(x,0) = f(z), ut(x,0) = g(x)

Solution by separation of variables and Fourier series: u(z,t) Z sin (T,T) [B cos (Tt) + D,, sin (Tt)}
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where B, = / f(z)sin (Tx) dr and D,, = o /. g(x)sin (%x) dz

Energy density: e(z,t) = % (uf + c?u?)
You can think of the first term as kinetic energy density and the second as potential energy density.

L
Total energy: E(t) = / e(z,t) dx
0

Conservation of total energy: By the product rule (uitz)s = Uipty + Urtipe
Thus &4 = gty + gtz = Ugtigs + 2 [(Uptie) e — U] = U (Ut — CUgs) + 2 (Ustiy) e = 2 (Urtiy) s

L L z=L
E, = / erdr = 02/ (Ut )z dv = ¢ upuy = [ut(L, t)ug (L, t) — ug (0, t)u, (0,1)]
0 0 z=0

By the boundary conditions u;(0,t) = u,(L,t) = 0, so E,(t) =0, so E(t) is constant.

Uniqueness:

Given two solutions satisfying the same initial conditions, their difference is a solution u satisfying u(x,0) = 0 and u(z,0) = 0.
In this case uy(z,0) =0, so &(z,0) = 0, so E(0) = 0, and by the conservation of energy E(t) = 0.

Since e(z,t) > 0, we have e(z,t) = 0, 80 uz(x,t) = us(x,t) =0, so u(x,t) is constant, and since u(x,0) = 0, u(x,t) = 0.

Heat equation in three spatial dimensions: u; = c?V2u
By Duhamel’s priniciple, the total heat in a small volume € is @ ~ M uvol(Q)), where M is specific heat of matter.

By Newton’s law of cooling, heat flux across the boundary 0f2 is proportional to temperature gradient: QQ; = N Vu-ndS
a0

By the Gauss-Ostrogradski divergence theorem Q; = N [ V- VudV ~ N V?uvol(Q)
Q
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Dividing M u; vol(Q) ~ N VZuvol(f2) by the volume and taking limit as vol(Q2) — 0 we obtain u; = MVQU

1
Entropy: Define entropy density ¢ = %uQ and integrate over : E(t) = / edV = 5/ u?dV
Q Q
Entropy principle: In the presence of temperature gradients, total entropy of an insulated body decreases.
Product rule for divergence: V - (¢®) = Vi - ® + ¢(V - ®) implies V - (uVu) = Vu - Vu + u(V2u).
Thus, e = uuy = uc?Viu =2 [V - (uVu) — (Vu) - (Vu)].

Integrating and applying the divergence theorem we obtain E; = ¢? {/ uVu-ndS — [ (Vu) - (Vu) dV} .
oQ Q

For an insulated body Vu -7 = 0 on the boundary 9%, so F; = —c? / (Vu) - (Vu)dV <0.
Q

Uniqueness: Given two solutions with the same initial state, their difference u is a solution with initial state 0.
Its initial entropy is 0. Since E > 0 and cannot increase (E; < 0), it stays 0.
Therefore, at any time, Vu = 0, so u is a constant and thus v = 0.

Heat equation in one spatial dimension: vy = c*ug,

Boundary conditions: u(0,t) = u(L,t) =0

Initial condition: u(z,0) = f(z)

Fourier series solution: u(z,t) Z By, sin (Ex) exp ( [ﬂr t), where B, = 2 /L f(z)sin (Ex) dx
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