Circular membrane
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Wave equation for a disc 0 < r < R: uy = ¢2V?u = ¢2 {uw + —u, + —2ue9}, u(R,0,t) = 0.
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Inner product: Since dx dy = rdr df, we have u - v = / / u(r,0)o(r,0) r drdf
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Separation: If u(r,0,t) = W(r)Q(0)G(t), then r>W,,. + W, + (k*r? —n?)W =0, Qgo + n*Q = 0, and Gy + 2k>G = 0.
For Q to be continuous, n must be an integer and W (r) ~ .J,,(kr), where .J,, is the n-th Bessel function. !
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Let aunp be the positive zeros of J,. In order for J,,(kR) = 0, we must have k = ky,,,, = a—;”.

General solution:

U= Z cos(nb) Z In(kmnt) [Amn €08(ckmnt) + By sin(ckmnt)] + sin(nd) Z In(kmnr) [AL,,, cos(ckmnt) + By sin(ckmnt)]]
n=0 m=1 m=1

Initial data example: If u:(r,0,0) = 0 and u(r,0,0) = f(r,0) is an even function of 6, then

0o 00 . . 2 i R Qmn,
u = ;COS(?’LQ) mZ:l AS o In (kmnt) cos(ckmnt), where A% = Py - /—77/0 f(r,0) cos(nd) Jy, ( 7 7‘) rdrdf

Eigenmodes: n=1,m =1 n=1m=2
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! Friedrich Bessel (1784-1846)



